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01 Motivaény priklad Definicia Vlastnosti

Primitivna funkcia

Dréaha pohybu bodu v &ase t s rychlostou v(t).
Bod sa pohybuje po priamke rychlostou v(t)=2t+2, t € (0; c0).
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kazda funkcia x(t) = t> + 2t + ¢, t€(0; 00), kde c€ R je lubovolné.
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Vsetky primitivne funkcie k danej funkcii f sa na intervale / liSia o konStantu

Pre vSetky x €/ plati
(F=G)(x) = [F(x)=G(x)]" = F'(x)=G'(x) = f(x)—f(x) = 0,

t.j. funkcia F— G je konStantna na intervale /.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.
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02 Definicia Priklady Vlastnosti

eurcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

primitivna funkcia [lubovolna z primitivnych funkcii]

o Na urgenie [f(x)dx posta&i jedna (lubovolna) primitivna funkcia F.
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02 Definicia Priklady Vlastnosti

eurcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

o Na urgenie [f(x)dx posta&i jedna (lubovolna) primitivna funkcia F.

@ Proces hladania primitivnej funkcie sa nazyva integrovanie.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

zatiatok integrélu [integraény znak]

o Na urgenie [f(x)dx posta&i jedna (lubovolna) primitivna funkcia F.
@ Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neuritého integrélu je ureny na zadiatku integraénym znakom [,
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

zatiatok integrélu [integraény znak] koniec integralu [diferencial x]

o Na urgenie [f(x)dx posta&i jedna (lubovolna) primitivna funkcia F.
@ Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neuritého integrélu je ureny na zadiatku integraénym znakom [,
na konci symbolom diferencidlu dx
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

zatiatok integrélu [integraény znak] koniec integralu [diferencial x]

o Na urgenie [f(x)dx posta&i jedna (lubovolna) primitivna funkcia F.
@ Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neuritého integrélu je ureny na zadiatku integraénym znakom [,
na konci Symb0|0m diferencidlu dx [zatvorky medzi [a dx nie st nutné, ale doporuéuju sa].
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

definiény obor [obor definicie]

o Na urgenie [f(x)dx posta&i jedna (lubovolna) primitivna funkcia F.
@ Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neuritého integrélu je ureny na zadiatku integraénym znakom [,
na konci Symb0|0m diferencidlu dx [zatvorky medzi [a dx nie st nutné, ale doporuéuju sa].

@ Ak nie je obor definicie integralu zadany,
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

definiény obor [obor definicie]

o Na urgenie [f(x)dx posta&i jedna (lubovolna) primitivna funkcia F.

@ Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neuritého integrélu je ureny na zadiatku integraénym znakom [,
na konci symbolom diferencidlu dx [zatvorky medzi j)a dx nie s nutné, ale doporugujd sa.

@ Ak nie je obor definicie integralu zadany, potom myslime
maximalny interval, resp. zjednotenie intervalov, na ktorych integral existuje.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

integraéna funkcia [integrand)]

o Na urgenie [f(x)dx posta&i jedna (lubovolna) primitivna funkcia F.

@ Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neuritého integrélu je ureny na zadiatku integraénym znakom [,
na konci symbolom diferencidlu dx [zatvorky medzi j)a dx nie s nutné, ale doporugujd sa.

@ Ak nie je obor definicie integralu zadany, potom myslime
maximalny interval, resp. zjednotenie intervalov, na ktorych integral existuje.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

integraéna premenna

o Na urgenie [f(x)dx posta&i jedna (lubovolna) primitivna funkcia F.

@ Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neuritého integrélu je ureny na zadiatku integraénym znakom [,
na konci symbolom diferencidlu dx [zatvorky medzi j)a dx nie s nutné, ale doporugujd sa.

@ Ak nie je obor definicie integralu zadany, potom myslime
maximalny interval, resp. zjednotenie intervalov, na ktorych integral existuje.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

integra¢na konstanta

o Na urgenie [f(x)dx posta&i jedna (lubovolna) primitivna funkcia F.

@ Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neuritého integrélu je ureny na zadiatku integraénym znakom [,
na konci symbolom diferencidlu dx [zatvorky medzi j)a dx nie s nutné, ale doporugujd sa.

@ Ak nie je obor definicie integralu zadany, potom myslime
maximalny interval, resp. zjednotenie intervalov, na ktorych integral existuje.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

definiény obor [obor definicie]

integraéna premenna integra¢na konstanta
integraéna funkcia [integrand] primitivna funkcia [lubovolna z primitivnych funkcii]
zatiatok integrélu [integraény znak] koniec integralu [diferencial x]

o Na urgenie [f(x)dx posta&i jedna (lubovolna) primitivna funkcia F.

@ Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neuritého integrélu je ureny na zadiatku integraénym znakom [,
na konci symbolom diferencidlu dx [zatvorky medzi j)a dx nie s nutné, ale doporugujd sa.

@ Ak nie je obor definicie integralu zadany, potom myslime
maximalny interval, resp. zjednotenie intervalov, na ktorych integral existuje.
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02 Definicia Priklady Vlastnosti

Neurdcity integral
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) =sgnx, xe(—1;1)

f(x)= {

-1 pre X<0,
1 pre X>0,
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) =sgnx, xe(—1;1)

—1 pre x<0, ¢ F(x)=—x+c, c€R je primitivna k f na (—1;0),
f)={
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) =sgnx, xe(—1;1)

f pr—
(*) { 1ore x>0, i F(X)= x+c, c€R je primitivna k f na (0;1).
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) =sgnx, xe(—1;1)
{—l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).

f(x)=
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) =sgnx, xe(—1;1)
F(x) {—l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
X)=
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) =sgnx, xe(—1;1)

{—l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1ore x>0, i F(X)= x+c, c€R je primitivna k f na (0;1).

f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.

f(x)=
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) =sgnx, xe(—1;1)
f(x):{_l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.
F"(0)= lim F'(x)=-1,
x—0~
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) =sgnx, xe(—1;1)
f(x):{_l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=7(0)=0.
F (0)= lim F'(x)=—-1, F_(0)=lim F'(x)=1,
x—0~ x—07+
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) =sgnx, xe(—1;1)

f(x):{_l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).

f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=17(0)

/

FL(0)= lim F'(x)==1, FL(0)= lim F'(x)=1, «; F_(0 )#F’( )-
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) =sgnx, xe(—1;1)
f(x):{_l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.
F (0)= lim F'(x)=—-1, FL(0)=lim F'(x)=1, ;. F_(0)# F.(0).
x—0~ x—0+

potom F’(0) neexistuje,
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) = sgnx, x€(—1;1) nema primitivnu funkciu na (—1;1).
f(x):{_l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.
F (0)= lim F'(x)=—-1, FL(0)=lim F'(x)=1, ;. F_(0)# F.(0).
x—0~ x—0+

potom F’(0) neexistuje, « ;. primitivna funkcia k f na (—1; 1) neexistuje.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) = sgnx, x€(—1;1) nema primitivnu funkciu na (—1;1).
f(x):{—l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.
F (0)= lim F'(x)=—-1, FL(0)=lim F'(x)=1, ;. F_(0)# F.(0).
x—0~ x—0+

rotom F'(0) neexistuje, « j. primitivna funkcia k £ na (—1;1) neexistuje.

f(x) =2xsinl—cos i, xe R—{0}, F(0)=0
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) = sgnx, x€(—1;1) nema primitivnu funkciu na (—1;1).
f(x):{—l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.
F’_(O):XI_i>n37F’(x):—1, F4(0):XILn8+F’(x):1, t.j. FL.(0)# F1(0).

rotom F'(0) neexistuje, « j. primitivna funkcia k £ na (—1;1) neexistuje.

f(x) =2xsinl—cos i, xe R—{0}, F(0)=0

Funkcia f je nespojitd v bode x = 0, pretoze Iim0 f(x) neexistuje.
X—>
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) = sgnx, x€(—1;1) nema primitivnu funkciu na (—1;1).
f(x):{—l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.
F’_(O):XI_i>n37F’(x):—1, F4(0):XILn8+F’(x):1, t.j. FL.(0)# F1(0).

rotom F'(0) neexistuje, « j. primitivna funkcia k £ na (—1;1) neexistuje.

f(x) =2xsinl—cos i, xe R—{0}, F(0)=0

Funkcia f je nespojitd v bode x = 0, pretoze lim f(x) neexistuje.

x—0
F'(x)=[x?sin %]/
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) = sgnx, x€(—1;1) nema primitivnu funkciu na (—1;1).
f(x):{—l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.
F’_(O):XI_i>n37F’(x):—1, F4(0):XILn8+F’(x):1, t.j. FL.(0)# F1(0).

rotom F'(0) neexistuje, « j. primitivna funkcia k £ na (—1;1) neexistuje.

f(x) =2xsinl—cos i, xe R—{0}, F(0)=0

Funkcia f je nespojitd v bode x = 0, pretoze Iim0 f(x) neexistuje.
X—>

F/(x)=[x?sin ]'=2xsin 1 —x2% cos

x2
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) = sgnx, x€(—1;1) nema primitivnu funkciu na (—1;1).
f(x):{—l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.
F (0)= lim F'(x)=—-1, FL(0)=lim F'(x)=1, ;. F_(0)# F.(0).
x—0~ x—0+

rotom F'(0) neexistuje, « j. primitivna funkcia k £ na (—1;1) neexistuje.

f(x) =2xsinl—cos i, xe R—{0}, F(0)=0

Funkcia f je nespojitd v bode x = 0, pretoze Iim0 f(x) neexistuje.
X—>

F'(x)=[x?sin 1]'=2xsin L —x2% cos L =2xsin L —cos L = f(x) e x#0,
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) = sgnx, x€(—1;1) nema primitivnu funkciu na (—1;1).
f(x):{—l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.
F’_(O):XI_i>n37F’(x):—1, F4(0):XILn8+F’(x):1, t.j. FL.(0)# F1(0).

rotom F'(0) neexistuje, « j. primitivna funkcia k £ na (—1;1) neexistuje.

f(x) =2xsinl—cos i, xe R—{0}, F(0)=0

Funkcia f je nespojitd v bode x = 0, pretoze Iim0 f(x) neexistuje.
X—>

F'(x)=[x?sin 1]'=2xsin L —x2% cos L =2xsin L —cos L = f(x) e x#0,

x2
rray 1 F(x)—F(0)
g (0)7l@0 x=0
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) = sgnx, x€(—1;1) nema primitivnu funkciu na (—1;1).
f(x):{—l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.
F’_(O):XI_i>n37F’(x):—1, F4(0):XILn8+F’(x):1, t.j. FL.(0)# F1(0).

rotom F'(0) neexistuje, « j. primitivna funkcia k £ na (—1;1) neexistuje.

f(x) =2xsinl—cos i, xe R—{0}, F(0)=0

Funkcia f je nespojitd v bode x = 0, pretoze Iim0 f(x) neexistuje.
X—>

F'(x)=[x?sin 1]'=2xsin L —x2% cos L =2xsin L —cos L = f(x) e x#0,

5
. F(x)—F(0 . 2sinl . .

F'(0)= lim Lo() = lim 2% = lim xsin 1
x—0 X= x—0 x x—0 x

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) = sgnx, x€(—1;1) nema primitivnu funkciu na (—1;1).
f(x):{—l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.
F’_(O):XI_i>n37F’(x):—1, F4(0):XILn8+F’(x):1, t.j. FL.(0)# F1(0).

rotom F'(0) neexistuje, « j. primitivna funkcia k £ na (—1;1) neexistuje.

f(x) =2xsinl—cos i, xe R—{0}, F(0)=0
Funkcia f je nespojitd v bode x = 0, pretoze Iim0 f(x) neexistuje.

F'(x)=[x?sin 1]'=2xsin L —x2% cos L =2xsin L —cos L = f(x) e x#0,

F’(O):Iim w = lim zs)i(ni = I|m xsinl =0=7(0) pex=0,

0 x—0 x—0
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x) = sgnx, x€(—1;1) nema primitivnu funkciu na (—1;1).
f(x):{—l pe X< 0, t. F(x)=—x+c, c€R je primitivna k f na (—1;0),
1lpe x>0, i F(x)= x+c, c€R je primitivna k f na (0;1).
f(0)=0, ;. pre primitivnu funkciu musi platit F’(0)=f(0)=0.
F’_(O):XI_i>n37F’(x):—1, F4(0):XILn8+F’(x):1, t.j. FL.(0)# F1(0).

rotom F'(0) neexistuje, « j. primitivna funkcia k £ na (—1;1) neexistuje.

f(x) =2xsinL—cosl, xe R—{0}, f(0) =0 m4 primitivnu funkciu na R.

Funkcia f je nespojitd v bode x = 0, pretoze Iim0 f(x) neexistuje.
X—>

F'(x)=[x?sin 1]'=2xsin L —x2% cos L =2xsin L —cos L = f(x) e x#0,
. F(x)—F(0 . x%sin L
F/(0)= lim HX=30) = lim *52% = |

ti F(x) = x?sin1, xe R—{0}, F(0)=0 je primitivnou funkciou k f na R.

im xsin =0=7(0) pex=0,
x—0 x—0
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je spojita na intervale /
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je spojita na intervale /

= na intervale | ku f existuje primitivna funkcia.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je spojita na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuji aj nespojité funkcie, ktoré majd primitivne funkcie.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je spojita na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuji aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je spojita na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuji aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.

Nie vzdy dokazeme jej integral vyjadrit pomocou elementarnych funkcii,
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je spojita na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuji aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.
Nie vzdy dokazeme jej integral vyjadrit pomocou elementarnych funkcii,
niekedy sa da vyjadrit iba ako rozvoj nekonecénych funkcionalnych radov.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je spojita na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuji aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.
Nie vzdy dokazeme jej integral vyjadrit pomocou elementarnych funkcii,
niekedy sa da vyjadrit iba ako rozvoj nekonecénych funkcionalnych radov.

Si to napriklad integraly (menu {0}, nen, min > 2)

dx dx e’ sin (x") cos (x")
/X3+1, e /X,,, dx, /7” dx, —m— dx.
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je spojita na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuji aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.
Nie vzdy dokazeme jej integral vyjadrit pomocou elementarnych funkcii,
niekedy sa da vyjadrit iba ako rozvoj nekonecénych funkcionalnych radov.

Si to napriklad integraly (menu {0}, nen, min > 2)

dx dx e’ sin (x") cos (x")
/ 341" Inx" / X dX’ / P dX’ P dx.

Derivovanie a integrovanie st inverzné operacie na intervale /.
Funkcia F je primitivna k funkcii f na intervale /, ce R,
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02 Definicia Priklady Vlastnosti

Neurdcity integral

f(x), x€l je spojita na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuji aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.

Nie vzdy dokazeme jej integral vyjadrit pomocou elementarnych funkcii,
niekedy sa da vyjadrit iba ako rozvoj nekonecénych funkcionalnych radov.

Si to napriklad integraly (menu {0}, nen, min > 2)

dx dx e’ sin (x") cos (x")
/ 341" Inx" / X dX’ / P dX’ P dx.

Derivovanie a integrovanie st inverzné operacie na intervale /.

Funkcia F je primitivna k funkcii f na intervale /, ce R,

potom pre vsetky x € [ plati

/ (%) dx :/f(x)dx = F(x)+c,
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02 Definicia Priklady Vlastnosti

eurcity integral

f(x), x€l je spojita na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuji aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.

Nie vzdy dokazeme jej integral vyjadrit pomocou elementarnych funkcii,
niekedy sa da vyjadrit iba ako rozvoj nekonecénych funkcionalnych radov.

Si to napriklad integraly (menu {0}, nen, min > 2)

dx dx e’ sin (x") cos (x")
/ 341" Inx" / X dX’ / P dX’ P dx.

Derivovanie a integrovanie st inverzné operacie na intervale /.

Funkcia F je primitivna k funkcii f na intervale /, ce R,

potom pre vsetky x € [ plati

/ () dx = / F(x)dx = F(x)4c, { / f(x)dx] [+ = F(x).
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03 Tabulkové integrily | Tabulkové integraly Il Priklady

Integraly elementarnych funkcii

Neurcité integraly zdkladnych elementarny i aeR, ceR, keZ
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03 Tabulkové integrily | Tabulkové integraly Il Priklady

Integraly elementarnych funkcii

Neurdcité integraly zékladnych elementarnych funkcii aeR, ceR, keZ

/dx:/ldX:XJrc xER /X""dx:’i:llJrc ;i’iz{o}'
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03 Tabulkové integrily | Tabulkové integraly Il Priklady

Integraly elementarnych funkcii

Neurcité integraly zdkladnych elementarny i aeR, ceR, keZ

x /(x f 0,
/d7 =In|x|+c xeR—{0} /ff((x)) dx =In|f(x)| + ¢ x(g)D?(éf)
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03 Tabulkové integrily | Tabulkové integraly Il Priklady

Integraly elementarnych funkcii

Neurdcité integraly zékladnych elementarnych funkcii aeR, ceR, keZ

ax _ e X _ XER’
/e dx=-+c¢ XER, a#0 /3 dx =5 +¢ a>0,a#1
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03

Integraly elementarnych funkcii

Neurcité integraly zakladnych elementarnych funkcii

Tabulkové integrily | Tabulkové integraly Il Priklady

acR, ceR, keZ

/sinaxdx =X 4 c
dx cotgax
/sin2 ax €

XER, a#0

XER, a#0,

X#kjﬂ-

/cosaxdx =X + ¢
dx _
cos? ax

tg ax
a +c

xXER, a#0

xER,a#0,
X # (2k+1)7‘r
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Integraly elementarnych funkcii

Neurcité integraly zakladnych elementarnych funkcii

Tabulkové integrily | Tabulkové integraly Il Priklady

acR, ceR, keZ

/sinhade: %—&-c

dx __ _ cotghax
\/sinh2 ax a tc

XER, a#0
x€R—{0},
a#0

/coshaxdx: %—i—c

dx __ tghax
‘/cosh2 ax ~  a +c

xER, a#0

XER, a#0
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Integraly elementarnych funkcii

Neurcité integraly zakladnych elementarnych funkcii

Tabulkové integrily | Tabulkové integraly Il Priklady

acR, ceR, keZ

/dX:/ldX:X+c
/%ZIn\xH»c
[
/sinaxdx:—%.kc
\/‘Sind;(ax _ cotgax+c

/sinh axdx = Lsgax +c

dx _
sinhZ ax

__cotgh ax
a tc

XER
xeR—{0}
xXER, a#0
XER, a#0
X€E€R,a#0,
X#kjﬂ-
XER, a#0
XER—{O},
a#0

a _Xa+1
/X de= e

Xdx =2 +¢
Ina
/cosaxdx: e G
dx _
cos? ax

/coshaxdx: %—i—c

dx __ tghax
‘/cosh2 ax ~  a +c

tg ax
a +c

x€R—{0},
a#-—1

f(x)#0,
x € D(f)

XER,
a>0a#1

XER, a£0

xER,a#0,
X # (2k+1)7‘r

xER, a#0

XER, a£0
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Integraly elementarnych funkcii

Neurcité integraly zakladnych elementarnych funkcii
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Integraly elementarnych funkcii

y zakladnych elementarn

x2+2a2 T a

dx 1 X _ 1 X
/ = sarctgs +c = arccotg S + XER
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Integraly elementarnych funkcii

Neurcité integraly zakladnych elementarnych funkcii

dx 1 1 1 _ 1 x—a
/x2—32 - /2a [x—a x+a] dx = 2a In | X+a

+c x€R—{a}
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Integraly elementarnych funkcii
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Neurcité integraly zakladnych elementarnych funkcii

/

dx

JP—2

= arcsin =7 + ¢; = — arccos |XT\ + e x€(—a;a)

lal

/\/az—x2 dx = 2= a;_XZ Ty dx x€(—a;a)

2 [ /22_x2
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Integraly elementarnych funkcii

Neurcité integraly zakladnych elementarnych funkcii

(ix 2:|n|X+\/ﬂ|+C x € (—o0; a) U (a; o0)
YV Xc—a
/‘/7X2—32d><:x‘/x22j—§/\/jiiag x € (—o0; a) U (a; 0)
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Integraly elementarnych funkcii

Neurcité integraly zakladnych elementarnych funkcii

/\/%zln(x+\/x2+a2)+c XER

X a

-  xV/x2+a? 2 d
/\/x2+a2dx7 = *+ 5 \/ﬁ xeER
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Integraly

Neurcité in

03 Tabulkové integraly | Tabulkové integraly Il Priklady

elementarnych funkcii

tegraly zakladnych elementarn

dx
x2ya? —

2 /32—><2

dx
Vx2_2

dx
,/V x2+a2

—32 - 2a

1

1 X —_1 X
Sarctg 2 + ¢ = —3 arccotg S + @

+c

_ 1 x—a
x—a x+a] dx = 2a In | x+a

= arcsin ‘ I + ¢; = — arccos |XT\ + o

/\/az—x2 dx = 2= a;_XZ & %

=In |x+\/x2—a2|+c

2

2 2
2_ 2 = XWEE=EE -
/\/x a’dx = 5 z

= n(x+\/x2+a2)+c

/\/mdx = s g o

dx

JR—2

XER

x€R—{a}
x€(—a;a)

x€(—a; a)

X € (—o0; a) U (a; 00)
x € (—o0; a) U (a; 00)
XER

xXER
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sin x

= /de = In|sinx|+ ¢, xeR—{km; ke Z}, ceR.

/tgxdx = /;”S’i dx = —In|cos x| + ¢
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Integraly elementarnych funkcii

/cotgxdx = /‘;f’ns: dx =Inlsinx| + ¢

sin x

_/[s'"X] dx = In|sinx| + ¢, xe R—{km; ke Z}, ceR.

/tgxdx = /;”S’i dx = —In|cos x| + ¢

:—/_cjsnxxdx:— [cc‘lif(] dx = —In|cos x| + c,
x€R—{5+kn; keZ}, ceR.

:/x%dx—xgﬂ—kc:%x% c=2Vx® + ¢, xe(0;00), ceR.
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Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na /, a,beR, |a|+|b| >0
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Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na /, a,beR, |a|+|b| >0

= aF+bG je primitivna k funkcii af +bg na /
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Metoda rozkladu

Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na /, a,beR, |a|+|b| >0

= aF+bG je primitivna k funkcii af +bg na [ a plati
/[af(x) + bg(x)]dx = af(x)dx + b/g(x)dx = aF(x) + bG(x) + ¢

x€l, ceR.
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Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na /, a,beR, |a|+|b| >0

= aF+bG je primitivna k funkcii af +bg na [ a plati
/[af(x) + bg(x)]dx = af(x)dx + b/g(x)dx = aF(x) + bG(x) + ¢

x€l, ceR.

[aF(x) + bG(x) + ¢]" = aF'(x) + bG'(x) = af(x) + bg(x) e x €.
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Metoda rozkladu

Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na /, a,beR, |a|+|b| >0

= aF+bG je primitivna k funkcii af +bg na [ a plati
/[af(x) + bg(x)]dx = af(x)dx + b/g(x)dx = aF(x) + bG(x) + ¢

x€l, ceR.

[aF(x) + bG(x) + c]’ = aF'(x) 4+ bG'(x) = af(x) + bg(x) e x €.

dx _ sin’ x+cos xd
— X = X
SIN“ X COS“ X Sln' X COS X
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Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na /, a,beR, |a|+|b| >0

= aF+bG je primitivna k funkcii af +bg na [ a plati
/[af(x) + bg(x)]dx = af(x)dx + b/g(x)dx = aF(x) + bG(x) + ¢

x€l, ceR.

[aF(x) + bG(x) + c]’ = aF'(x) 4+ bG'(x) = af(x) + bg(x) e x €.

dx _ sin’ x+cos xd
— X = X
SIN“ X COS“ X Sln' X COS X

:/[c052 +sm2 ]dX
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Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na /, a,beR, |a|+|b| >0

= aF+bG je primitivna k funkcii af +bg na [ a plati
/[af(x) + bg(x)]dx = af(x)dx + b/g(x)dx = aF(x) + bG(x) + ¢

x€l, ceR.

[aF(x) + bG(x) + c]’ = aF'(x) 4+ bG'(x) = af(x) + bg(x) e x €.

dx _ sin’ x+cos xd
) T — 2, dX
sin® x cos sin? x cos

:/[c052 +sm2 dX_/ 0s2 x + sin2 x
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Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na /, a,beR, |a|+|b| >0

= aF+bG je primitivna k funkcii af +bg na [ a plati
/[af(x) + bg(x)]dx = af(x)dx + b/g(x)dx = aF(x) + bG(x) + ¢

x€l, ceR.

[aF(x) + bG(x) + ¢]" = aF'(x) + bG'(x) = af(x) + bg(x) e x €.

dx _ sin’ ><+cos2 X _
/sin2 xcos2 x / sin2 x cos? x dx =tgx —cotgx + ¢

:/[c052 +sm2 dX_/052 + sin2x = tgx —cotgx + ¢,
XER, x£K keZ, ceR.
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Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na /, a,beR, |a|+|b| >0

= aF+bG je primitivna k funkcii af +bg na [ a plati
/[af(x) + bg(x)]dx = af(x)dx + b/g(x)dx = aF(x) + bG(x) + ¢

x€l, ceR.

[aF(x) + bG(x) + ¢]" = aF'(x) + bG'(x) = af(x) + bg(x) e x €.

dx _ sin? x—4cos® x _
/m*/mdx tgx —cotgx + ¢

:/[c052 +sm2 dX_/052 + sin2x = tgx —cotgx + ¢,
XER, x£K keZ, ceR.

Namiesto zapisu /ﬁ dx
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Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na /, a,beR, |a|+|b| >0

= aF+bG je primitivna k funkcii af +bg na [ a plati
/[af(x) + bg(x)]dx = af(x)dx + b/g(x)dx = aF(x) + bG(x) + ¢

x€l, ceR.

[aF(x) + bG(x) + ¢]" = aF'(x) + bG'(x) = af(x) + bg(x) e x €.

dx _ sin? x—4cos® x _
/m*/mdx tgx —cotgx + ¢

:/[c052 +sm2 dX_/052 + sin2x = tgx —cotgx + ¢,
XER, x£K keZ, ceR.

Namiesto zapisu /ﬁ dx sa Casto pouziva zapis /%
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xeR, x# T ez, ceRr.
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/tg2de= /g(')”sf( dx =tgx —x+c

:/lzocsc;side: /[ﬁ — 1]dx = tgx—Xx+¢c,
xeR, x# T ez, ceRr.

x2—2x+1 dx =

[

/[x—2+§]dx
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/tg2de= /g(')”sf( dx =tgx —x+c

:/lzocsc;side: /[ﬁ — 1]dx = tgx—Xx+¢c,
xeR, x# T ez, ceRr.

B R
xeR—{0}, ceR.
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:/%dx:/[x—Q—F%]dX:L;_2X+|n|x|+c'
xeR—{0}, ceR.
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/tg2XdX= /g(')”sf( dx =tgx —x+c

xeR, x# T ez, ceRr.

:/%dx:/[x—Q—F%]dX:L;_2X+|n|x|+c'
xeR—{0}, ceR.

/[2cosx+x3+ Xzil}dx = 2sinx + % + 3arctgx + ¢

:2sinx+%+3arctgx+c, XER, ceR.
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Jlutv) ax = [i0vt)ox a6 () dx e xe.
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] :xlnx—/dx:xlnx—x+c,XG(O;oo), ceR.

Zapis /dx predstavuje integral funkcie f(x)=1,
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Metoda per partes

Metdda per partes u, v maji spojité derivacie u’, v/ na intervale /.

] :xlnx—/dx:xlnx—x+c,XG(O;oo), ceR.

Zapis /dx predstavuje integral funkcie f(x /dx = /1 dx.
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/xcosxdx
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Metoda per partes

/,\' cos x dx

— u = x
vV = COSX
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Metoda per partes

/xcosxdx

— | U =X
v/ COS X

2 2
—|u'=x u =% — x“cosx
v = cosx|v/ — sin x 2
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Metoda per partes

/x cos x dx
— u =Xx
V/ COs X

A . .
GAaE }——xsmx—/smxdx
Vv = sinx

—| v =x
vV = cosx

y =2 _ x’cosx _ —x2sinx d
’ 2 - 2 B) X
v — sinXx
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Metoda per partes

/xcosxdx = xsinx +cosx + ¢

u' =1 }:xsinx—/sinxdx = xsinx+cosx+c, xeR, ceR.

v = sinx

— _ [ =x%sinx dx = xzcosx+ x?sinxdx _
v/ = —sinx - 2 2 o 2 2 -
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Metoda per partes

/xcosxdx = xsinx +cosx + ¢

u' =1 }:xsinx—/sinxdx = xsinx+cosx+c, xeR, ceR.

v = sinx

2 2 2 .
—x"sinx 4y _ x“cosx X~ sin x dx
= — X = =
v/ = 7sinx:| / 2 2 +/ z

/ arctg x dx
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Metoda per partes

/xcosxdx = xsinx +cosx + ¢

u' =1 }:xsinx—/sinxdx = xsinx+cosx+c, xeR, ceR.

v = sinx

2 2 2 .
—x"sinx 4y _ x“cosx X~ sin x dx
= — X = =
v/ = 7sinx:| / 2 2 +/ z

_[v=1
| v = arctgx
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Metoda per partes

/xcosxdx = xsinx +cosx + ¢

u' =1 }:xsinx—/sinxdx = xsinx+cosx+c, xeR, ceR.

v = sinx

2 2 2 .
—x"sinx 4y _ x“cosx X~ sin x dx
= — X = =
v/ = 7sinx:| / 2 2 +/ z

/ arctg x dx

u =X
1 }zxarctgx
2

_ {u’*l
T | v = arctgx
€ Tsp

’
v =
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Metoda per partes

/xcosxdx = xsinx +cosx + ¢

u' =1 }:xsinx—/sinxdx = xsinx+cosx+c, xeR, ceR.

v = sinx

2 2 2 .
—x"sinx 4y _ x“cosx X~ sin x dx
= — X = =
v/ = 7sinx:| / 2 2 +/ z

/ arctg x dx

_ ul' =1
| v = arctgx

14+x2

u =x o x dx
Vo 1 }—Xarctgxf/lﬂ2
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Metoda per partes

/xcosxdx = xsinx +cosx + ¢

u' =1 }:xsinx—/sinxdx = xsinx+cosx+c, xeR, ceR.

v = sinx

2 2 2 .
—x"sinx 4y _ x“cosx X~ sin x dx
= — X = =
v/ = 7sinx:| / 2 2 +/ z

/ arctg x dx

u =x _ | xdx __ 1 [0+2x
V,lez}_xarctgx /1+X2—Xarctgx 2/szdx

+x

_ ul' =1
| v = arctgx
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Metoda per partes

/xcosxdx = xsinx +cosx + ¢

v = sinx

u' =1 }:xsinx—/sinxdx = xsinx+cosx+c, xeR, ceR.

- _ [ =x%sinx dx = xzcosx+ x?sinxdx _
v/ = —sinx - 2 2 o 2 2 -

{V = COS X

/arctgxdx = xarctgx — Inv1+x2+ ¢

u =x _ | xdx __ 1 [0+2x
Vo= 1 }_Xarctgx /1+X2—Xarctgx 2/szdx

_ {u’*l
| v = arctgx
E 1+x2

= xarctgx — 3In |1+ x?| + c = xarctgx — 3 In (1 + x?) + ¢
= xarctgx —Inv/1+x2+ ¢, xeR, ceR.
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Metoda per partes

/ :/c055xsin 4x dx
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Metoda per partes

= /cos 5x sin 4x dx

__| v/ = cos5x
v = sin4x

v = sin4x

_{ulf cos 5x
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Metoda per partes

| = [cosbx sin4x dx

v/ = 4 cos 4x 5

__| v’ = cos5x
v = sin4x

y = sindx }_sin5xsin4x

5

v = sindx | v/ = 4cos4x

_{U/* cos 5x

u = sndx }_sinstin4x
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Metoda per partes

/ :/c055xsin 4x dx

__| v’ = cos5x
v = sin4x

__ sin5x i H .
u = S } = SEEnGr; _ %/sm 5x cos 4x dx

v/ = 4cos 4x 5

_{U/* cos 5x

__ sin5x i H .
u =g }:w—ﬂ/3|n5xcos4xdx

5 5]

v = sindx | v/ = 4cos4x
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Metoda per partes

/ :/c055xsin 4x dx

; . . i
—_|u= c.os5>< __sinbxsindx _ 4 sin 5x cos 4x dx
v = sin4x 5 5
| u" = sin5x __sinbxsindx _ 4
v = cos4x 5| 5

. . ) .

=| = e= = sindxsindx _ 4 [qin 5x cos 4x dx
v = sin4x 5 5

— | u" = cosax _sinbxsindx _ 4
v = sin5x 5 5

Priklad Il

Priklad IV
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Metoda per partes

/ :/c055xsin 4x dx

— | u' = cosbx|u = sindx __ sinbx sin 4x
v = sin4x |v/ = 4cos4x 5

_ | v = sinbx |u = — gos5x
v = cosdx |v/ = — 4sindx

Metéda per partes Priklad | Priklad Il

— 2 [sin 5x cos 4x dx

__sinbxsin4x _ 4| _ cosbxcos4x
- 5 5 5

= %/sin 5x cos 4x dx

— | u' = cosbx|u = sindx __ sinbx sin 4x
v = sindx | v/ = 4cos4x 5

_| v = cosax|u = % __sinbxsin4x
v = sinbx v’ = 5cos5x 5

4 | sin 5x sin 4x
5 4

Priklad Il

Priklad IV
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Metoda per partes

/ :/c055xsin 4x dx

’_ _ sin5x i i .
—_|u= c.os5>< u/ = e __sinbxsindx _ 4 sin 5x cos 4x dx
v = sindx [v' = 4coséx 5 5
u' = sinbx |u = — gos5x sinbxsindx 4 cosbxcosdx 4 :
= 5 — Jepdalinazs G || Cemepddanasl 4
{v = cosdx | v/ = _45in4x:| 5 5 |: 5 5/COS5XSIn 4dx dx

pouziti metoédy per partes treba davat pozor,

5 5

v/ = 4cos 4x

__| u' = cos5x
v = sin4x

u = sinsx } __sinbxsin4x

= 5/sin 5x cos 4x dx

v/ = 5cos 5x 5 4

v = sinb5x

/ sin 4x i i i f .
{u = cosdx |u = :|:sm5xsm4x_% {sm5x5m4x_%/C055X5|n4xdx
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Metoda per partes

/ :/c055xsin 4x dx

u' = cosbx |u = sndx sin 5x sin 4x 4 e
= 5 — — — =
{v = sin4x | v/ 74cos4xi| 5 5 S|n5XC054XdX
u' = sinbx |u = — <85 sinbxsindx _ 4 cosbxcos4x _ 4 :
= 5 = Slepdeinass G || Cobepdobass
{v = cosé4x | v/ = —4sin4x:| 5 5|: 5) 5/C055X5|n4XdX

__sin5xsin4x | 4cosbxcos4x | 16
- 5 + 2 + 25/

Pri opakovanom pouziti metédy per partes treba davat pozor,

aby sa nezneutralizovali, . j. aby nevznikol povodne rieSeny integral.

u' = cosbx |u = sindx sin 5x sin 4x 4 [
— 5 AL AN LLL L EA T —
{V = indx V,:4COS4X} 5 5/S|n5xcos4xdx
u' = cosdx|u = sindx sin5xsin4x 4 |sin5xsind4x 5 .
= 4 o [—— _=
{V R V,756055X} 5 5{ 2 4/c055X5|n4)<dx =/.

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

Priklad Il

05

Metoda per partes

Metéda per partes Priklad | Priklad Il

/ :/c055xsin 4x dx

u' = cosbx |u = sndx sin 5x sin 4x 4 e
= 5 — — — =
{v = sin4x \//74cos4>(i| 5 5/S|n5XCOS4XdX
u' = sinbx |u = — <85 sinbxsindx _ 4 cosbxcos4x _ 4 :
= 5 = GUePCHINARS 3¢ || — SSEeWCEIAC
{ = cos4x |v' = —4sin4x:| 5 5|: 5) 5/C055X5|n4XdX

__ sin 5xsin 4x
o 5

+ Acosoxcosdx 4 20/, ;. rovnica s nezndmym parametrom /.

Pri opakovanom pouziti metédy per partes treba davat pozor,

aby sa nezneutralizovali, . j. aby nevznikol povodne rieSeny integral.

u' = cosbx |u = snBx sin 5x sin 4x 4 [
= 5 — Sihoxsinax __ &
{\/ = sin4x v’:4cos4x} 5 5/S|n5XCOS4XdX
u' = cosdx|u = sndx sinbxsind4x 4 |sinbxsin4x 5 .
= 4 = —_ = _= —_—
{V _ ot V,,56055X} 5 5{ 7 4/c055x5|n4xdx

Priklad IV

l.
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Metoda per partes

I:/c055xsin4de: 55i|‘|5)§sin4x+4c055)€;cos4x+c

u' = cosbx |u = sndx sin 5x sin 4x 4 e
= 5 — — — =
{v = sin4x \//74cos4>(i| 5 5/S|n5XCOS4XdX
u' = sinbx |u = — <85 sinbxsindx _ 4 cosbxcos4x _ 4 :
= 5 = Slepdeinass G || Cobepdobass
{v = cosé4x | v/ = —4sin4x:| 5 5|: 5) 5/C055X5|n4XdX

__sinb5xsin4x | 4cosbxcos4x | 16
- + 2 + 25/

: , t.j. rovnica s nezndmym parametrom /.

= [ = 55|n5)€;sm4x + 4c055>§cos4x e XER, ceR.

Pri opakovanom pouziti metédy per partes treba davat pozor,

aby sa nezneutralizovali, . j. aby nevznikol povodne rieSeny integral.

u' = cosbx |u = sindx sin 5x sin 4x 4 [
— 5 AL AN LLL L EA T —
{V = indx V,:4COS4X} 5 5/S|n5xcos4xdx
u' = cosdx|u = sindx sin5xsin4x 4 |sin5xsind4x 5 .
= 4 o [—— _=
{V R V,756055X} 5 5{ 2 4/c055X5|n4)<dx =/.
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Metoda per partes
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Metoda per partes

I, = /X” e* dx
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Metoda per partes

I, = /x” e*dx =x"eX —n-I,_1

. n—1 —
ut = nx }:X”ex—n/x” leXdx = x"eX —n-l,_1, xER.
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Metoda per partes

I, = /x” e*dx =x"eX —n-I,_1

Metéda per partes Priklad | Priklad Il Priklad Il

—n/x"_1 eXdx =x"e*—n-l,_1, xeR.

Priklad IV
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Metoda per partes

I, = /x” e*dx =x"eX —n-I,_1

’r_ n—1 —
= }:X”ex—n/x” leXdx =x"eX—n-l,_1, xER.

Ioz/xoexdx:/exdx = e“+c, xER, ceR,
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Metoda per partes

I, = /x” e*dx =x"eX —n-I,_1

’r_ n—1 —
= }:X”ex—n/x” leXdx =x"eX—n-l,_1, xER.

Ioz/xoexdx:/exdx = e“+c, xER, ceR,

X

I1:Xe —Io
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Metoda per partes

I, = /x” e*dx =x"eX —n-I,_1

’r_ n—1 —
= }:X”ex—n/x” leXdx =x"eX—n-l,_1, xER.

Ioz/xoexdx:/exdx = e“+c, xER, ceR,

h=xe&—lh=xe—e‘+c, xeR, ceR,
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Metoda per partes

I, = /x” e*dx =x"eX —n-I,_1

’r_ n—1 —
= }:X”ex—n/x” leXdx =x"eX—n-l,_1, xER.

Ioz/xoexdx:/exdx = e +c, xER, ceR,
L =xe¥—Ilp=xeX—e*+c, xER, ceER,

12 = X2 e —2/1
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Metoda per partes

I, = /x” e“dx = x"e—n-l,_;

’r_ n—1 =
u’ = nx }:Xnex_n/xn leXdX :Xnex—n~/n,1,X€R.

Ioz/xoexdx:/exdx = e +c, xER, ceR,
L =xe¥—Ilp=xeX—e*+c, xER, ceER,

h=x?e -2 =x?eX—2[xeX—e ]| +¢

iza.sk/ beerb
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Metoda per partes

I, = /x” e*dx =x"eX —n-I,_1

’r_ n—1 —
= }:X”ex—n/x” leXdx =x"eX—n-l,_1, xER.

Ioz/xoexdx:/exdx = e“+c, xER, ceR,

h=xe&—lh=xe—e‘+c, xeR, ceR,

x2eX =2/, = x2e¥ —2[Xex—ex} +c=x%eX—2xeX42eX +c,

b =
XER, ceR,

iza.sk/ beerb
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’r_ n—1 —
= }:X”ex—n/x” leXdx =x"eX—n-l,_1, xER.

lo /xoexdx:/exdx = e“+c, xER, ceR,

h=xe&—lh=xe—e‘+c, xeR, ceR,

b =x%2eX =2/, = x?%e¥ —2[Xex—ex} +c=x%eX—2xeX42eX +c,
xXER, ceR,
/3 :x3ex —3/2
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Metoda per partes

’r_ n—1 —
= }:X”ex—n/x” leXdx =x"eX—n-l,_1, xER.

lo /xoexdx:/exdx = e“+c, xER, ceR,

h=xe&—lh=xe—e‘+c, xeR, ceR,

b =x%2eX =2/, = x?%e¥ —2[Xex—ex} +c=x%eX—2xeX42eX +c,
x€ER, ceR,
kh=x3e =3k = x3e¥ —3[x?eX —2x eX +2¢* |
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Metoda per partes

_ n—1 —
u= }:X”ex—n/x” leXdx = x"eX—n-l,_1, xER.

lo /xoexdx:/exdx = e“+c, xER, ceR,

h=xe&—lh=xe—e‘+c, xeR, ceR,

I2:X2ex—2ll:X2ex—2[xex—ex} +c=x%eX—2xeX42eX +c,
xXER, ceR,
l3:x3ex—312:x3ex—3[ 2eX —2xeX 4+2e ]

= x3eX —3x2eX +6xeX —6eX+c, xER, cER,
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Metoda per partes

o n—1 —
u' = nx }:Xnex_n/xn leXdX :x”ex—n~/n,1,X€R.

lo /xoexdx:/exdx = e“+c, xER, ceR,

h=xe&—lh=xe—e‘+c, xeR, ceR,

b =x%2eX =2/, = x?%e¥ —2[Xex—ex} +c=x%eX—2xeX42eX +c,
xXER, ceR,

kh=x3e =3k = x3e¥ —3[x?eX —2x eX +2¢* |

= x3eX —3x2eX +6xeX —6eX+c, xER, cER,

Integral I, sme vyjadrili rekurentnym vztahom pomocou integralu /, ;.
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Metoda per partes

o n—1 —
u' = nx }:Xnex_n/xn leXdX :x”ex—n~/n,1,X€R.

lo /xoexdx:/exdx = e“+c, xER, ceR,

L =xe¥—Ilp=xeX—e*+c, xER, ceER,
I2:X2ex—2ll:X2ex—2[xex—ex} +c=x%eX—2xeX42eX +c,
xXER, ceR,
l3:x3ex—312:x3ex—3[ 2eX —2xeX 4+2e ]
= x3eX —3x2eX +6xeX —6eX+c, xER, cER,

Integral I, sme vyjadrili rekurentnym vztahom pomocou integralu /, ;.

Pre konkrétne ne N musime tento vztah pouzit n-krat za sebou.
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Metoda per partes

Vi-x e = — =

/ 2
—arcsinx + ¢ = — ~— tarccosx + ¢

1—x2 .
= — — = — < — arcsin x + ¢

= — @ + arccos x + ¢, x€(—1;0) U (0;1), a1, €R.
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Metoda per partes

=—— —arcsinx+¢ = —

Jioe

2
—— t+arccosx + ¢

1—x2 .
= — = = — < — arcsin x + ¢

= — 7V1X_Xz + arccos x + ¢, x€(—1;0) U (0;1), a1, €R.

Metdda per partes je vhodna na vypocet integralov typov

beerb@frcatel.fri.uniza. .fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

05 Metéda per partes Priklad | Priklad Il Priklad Il Priklad IV

Metoda per partes

=—— —arcsinx+¢ = —

Jioe

2
—— t+arccosx + ¢

1—x2 .
= — = = — < — arcsin x + ¢

= — 7V1X_Xz + arccos x + ¢, x€(—1;0) U (0;1), a1, €R.
Metdda per partes je vhodna na vypocet integralov typov

/p(x) e dx,
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Metoda per partes

=—— —arcsinx+¢ = —

X

+ arccos x + ¢

1—x2 .
= — = = — < — arcsin x + ¢

= — 7V1X_Xz + arccos x + ¢, x€(—1;0) U (0;1), a1, €R.
Metdda per partes je vhodna na vypocet integralov typov

/p(x) e dx, /p(x) cos ax dx, /p(x) sin ax dx,

beerb@frcatel.fri.uniza. http://frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

05 Metéda per partes Priklad | Priklad Il Priklad Il Priklad IV

Metoda per partes

1—x2 .
= — = = — < — arcsin x + ¢

= — 7V1X_Xz + arccos x + ¢, x€(—1;0) U (0;1), a1, €R.
Metdda per partes je vhodna na vypocet integralov typov

/p(x) e dx, /p(x) cos ax dx, /p(x) sin ax dx, /p(x) In g(x) dx,
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o vV 1-x2 dx _ vV 1-x2
- o B v 1—x2 - o

= — 7V1X_Xz + arccos x + ¢, x€(—1;0) U (0;1), a1, €R.
Metdda per partes je vhodna na vypocet integralov typov

/p(x) e dx, /p(x) cos ax dx, /p(x) sin ax dx, /p(x) In g(x) dx, /p(x) arctg q(x) dx,

kde p(x), q(x) sd redlne polynédmy, a€ R, a#0.

—arcsin x + ¢
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Metoda per partes

o vV 1-x2 dx _ vV 1-x2
- o B v 1—x2 - o

= — 7V1X_Xz + arccos x + ¢, x€(—1;0) U (0;1), a1, €R.
Metdda per partes je vhodna na vypocet integralov typov

/p(x) e dx, /p(x) cos ax dx, /p(x) sin ax dx, /p(x) In g(x) dx, /p(x) arctg q(x) dx,

kde p(x), q(x) sd redlne polynédmy, a€ R, a#0.

—arcsin x + ¢

Vyssie uvedené funkcie mézeme samozrejme integrovat aj inymi metédami.
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Metéda neurditych koeficientov
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Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Odhadneme ff(x) dx=F(x)+c
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Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Odhadneme ff(x) dx=F(x)+c
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Metoéda neurcitych koeficientov

Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F'(x).

Odhadneme ff(x)dx:F(x)+C = f(x)=F'(x)
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Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F/(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Odhadneme ff(x)dx:F(x)+c = f(x)=F'(x) = systém rovnic
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Metoéda neurcitych koeficientov

Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F/(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme ajp, ap, , a) dostaneme systém algebraickych rovnic

Odhadneme ff(x)dx:F(x)+c = f(x)=F'(x) = systém rovnic = hladani F.
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Metoéda neurcitych koeficientov

Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F/(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme ajp, ap, , a) dostaneme systém algebraickych rovnic

Odhadneme ff(x)dx:F(x)+c = f(x)=F'(x) = systém rovnic = hladani F.
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Metoéda neurcitych koeficientov

Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F/(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme ajp, ap, , a) dostaneme systém algebraickych rovnic

Odhadneme ff(x)dx:F(x)+c = f(x)=F'(x) = systém rovnic = hladani F.
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Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F/(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme ajp, ap, , a) dostaneme systém algebraickych rovnic

Odhadneme ff(x)dx:F(x)+c = f(x)=F'(x) = systém rovnic = hladani F.
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Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F/(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme ajp, ap, , a) dostaneme systém algebraickych rovnic

Odhadneme ff(x)dx:F(x)+c = f(x)=F'(x) = systém rovnic = hladani F.
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Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F/(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme ajp, ap, , a) dostaneme systém algebraickych rovnic

Odhadneme ff(x)dx:F(x)+c = f(x)=F'(x) = systém rovnic = hladani F.
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Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F/(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme ajp, ap, , a) dostaneme systém algebraickych rovnic

Odhadneme ff(x)dx:F(x)+c = f(x)=F'(x) = systém rovnic = hladani F.

111
u

u” = n(n—1)x""2

= n(n—1)(n—2)x"~3 | stupeh polynému sa znizuje

/[/v} =& €* sa nemeni,
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Metdda neurci koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F/(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme ajp, ap, , a) dostaneme systém algebraickych rovnic

Odhadneme ff(x)dx:F(x)+c = f(x)=F'(x) = systém rovnic = hladani F.

[/v} = & e* sa nemeni, uv=x"e*
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Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F/(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme ajp, ap, , a) dostaneme systém algebraickych rovnic

Odhadneme ff(x)dx:F(x)+c = f(x)=F'(x) = systém rovnic = hladani F.

111
u

u” = n(n—1)x""2

/v* ex

Odhad primitivnej funkcie ma tvar

= n(n—1)(n—2)x"~3 | stupeh polynému sa znizuje

/[/v} = & e* sa nemeni, uv=x"e*
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Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s kone¢nym poctom neznamych parametrov ay, a, ..., ak, k€EN.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F/(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme ajp, ap, , a) dostaneme systém algebraickych rovnic

Odhadneme ff(x)dx:F(x)+c = f(x)=F'(x) = systém rovnic = hladani F.

111
u

u” = n(n—1)x""2

/v* ex

o= n(n—1)(n—2)x"3 | stupek polynému sa znituje
/[/v} = & e* sa nemeni, uv=x"e*
Odhad primitivnej funkcie ma tvar
lh = F(x) = (X" + a,_1x" 1+ -+ a;x + a) + c,
kde Ag, a1, -- -, an—1 SU nezname koeficienty, ktoré musime vypoditat.
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Metoéda neurcitych koeficientov
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Metoéda neurcitych koeficientov

I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.
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Metoéda neurcitych koeficientov

I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.

Derivacia odhadu  x3eX = (3x?+2ax+f3) € +(x>+ax?+Bx+7) X
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Metoéda neurcitych koeficientov

I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.
x3eX = (3x%+2ax+B3) e +(x3+ax?+fBx+7) e
v

[x3+0-x2+0-x+40]e

Derivacia odhadu
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Metoéda neurcitych koeficientov

I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.

Derivacia odhadu  x3eX = (3x?+2ax+f3) € +(x>+ax?+Bx+7) X
e
[x3+0-x2+0-x+40] e e [x3 + (3+a)x® + (2a+B)x + (B+7)]
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Metoéda neurcitych koeficientov

I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.

Derivacia odhadu  x3eX = (3x?+2ax+f3) € +(x>+ax?+Bx+7) X

7
x3+0-x240-x+0 = x3 4+ (34+a)x® + (2a+8)x + (B+7) -
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Metoéda neurcitych koeficientov

I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.

Derivacia odhadu  x3eX = (3x?+2ax+f3) € +(x>+ax?+Bx+7) X

7 Ny
x3+0-x240-x+0 = x3 4+ (34+a)x® + (2a+8)x + (B+7) -

Tri linedrne rovnice s tromi neznamymi «, 3, :
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Metoéda neurcitych koeficientov

I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.

Derivacia odhadu  x3eX = (3x?+2ax+f3) € +(x>+ax?+Bx+7) X

7 Ny
x340-x240-x+0 = x3 4+ (34+a)x® + (2a+8)x + (B+7) -

Tri linedrne rovnice s tromi neznamymi «, 3, :
0=3 + @ prex?,
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Metoéda neurcitych koeficientov

I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.

Derivacia odhadu  x3eX = (3x?+2ax+f3) € +(x>+ax?+Bx+7) X

7 Ny
x340-x240-x+0 = x3 4+ (34+a)x® + (2a+8)x + (B+7) -

Tri linedrne rovnice s tromi neznamymi «, 3, :
O:3+Oé pre x2, 0:20[4—6 pre x1,
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I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.

Derivacia odhadu  x3eX = (3x?+2ax+f3) € +(x>+ax?+Bx+7) X

e N\
x3+0-x24+0-x+0 = x3 + (3+a)x® + (2a+8)x + (B+7)].

Tri linedrne rovnice s tromi neznamymi «, 3, :
O:3+Oé pre x2, 0:20[4—6 pre x1, OZB—F’}/ pre x9,
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I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.
Derivacia odhadu  x3eX = (3x?+2ax+f3) € +(x>+ax?+Bx+7) X

v ¢
x340-x24-0-x+0 = X3 + (3+a)x® + (2a+8)x + (B+7)].
Tri linedrne rovnice s tromi neznamymi «, 3, :
O:3+Oé pre><2, 0:20[4—6 prexl, OZB—F’}/ prexo,
N
a = -3,
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Metoéda neurcitych koeficientov

I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.
Derivacia odhadu  x3eX = (3x?+2ax+f3) € +(x>+ax?+Bx+7) X

v ¢
x340-x24-0-x+0 = X3 + (3+a)x® + (2a+8)x + (B+7)].
Tri linedrne rovnice s tromi neznamymi «, 3, :
O:3+Oé pre><2, 0:20[4—6 prexl, OZB—F’}/ prexo,
Y Y
a = —3, B =—2a =06,
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Metoéda neurcitych koeficientov

I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.
Derivacia odhadu  x3eX = (3x?+2ax+f3) € +(x>+ax?+Bx+7) X

v ¢
x340-x240-x+0 = x3 + (3+a)x? + (2a+8)x + (B8+7) .
Tri linedrne rovnice s tromi neznamymi «, 3, :
O:3+Oé pre x2, 0:20[4—6 pre x1, OZB—F’}/ pre x9,
Y Y A\
a= -3, b8 =—2a =6, v=—08=—6,
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Metoéda neurcitych koeficientov

I3 :/x3exdx

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.
Derivacia odhadu  x3eX = (3x?+2ax+f3) € +(x>+ax?+Bx+7) X

v ¢
x340-x240-x+0 = x3 + (3+a)x? + (2a+8)x + (B8+7) .
Tri linedrne rovnice s tromi neznamymi «, 3, :
O:3+Oé pre x2, 0:20[4—6 pre x1, OZB—F’}/ pre x9,
Y Y A\
a= -3, b8 =—2a =6, v=—08=—6,

ti (3 4+ ax® + Bx +v)eX = (x3 — 3x% 4+ 6x — 6) e,
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/3:/X?’eXdX:(X3—3X2+6X—6)EX+C

Odhad i = (x3+ax?>+px+7v) e +c, xER, cER, e a, B, YER.
Derivacia odhadu  x3eX = (3x?+2ax+f3) € +(x>+ax?+Bx+7) X

v ¢
x340-x240-x+0 = x3 + (3+a)x? + (2a+8)x + (B8+7) .
Tri linedrne rovnice s tromi neznamymi «, 3, :
O:3+Oé pre x2, 0:20[4—6 pre x1, OZB—F’}/ pre x9,
Y Y A\
a= -3, b8 =—2a =6, v=—08=—6,

ti (3 4+ ax® + Bx +v)eX = (x3 — 3x% 4+ 6x — 6) e,

Riedenie /x3 eXdx = (x> —3x? + 6x — 6)e* +c, xER, cER.
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.
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—/x3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

[V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = & cos x, (& cos x)’ = F sin x.]
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.
Derivacia odhadu [V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = & cos x, (& cos x)’ = F sin x.]
x3sinx = (3ax?+2B8x+7) cos x
+ (3thx?+2px+p) sin x
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = & cos x, (& cos x)’ = F sin x.]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+3§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = & cos x, (& cos x)’ = F sin x.]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = & cos x, (& cos x)’ = F sin x.]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
g }sinx

— [ ax
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = & cos x, (& cos x)’ = F sin x.]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx?+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
=[—ax®+ (3y-p)x° ]sin x
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = & cos x, (& cos x)’ = F sin x.]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx?+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
=[—ax®+ (ByY—B)x* + 2p—7)x ]sin x
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx?+2px+p) sin x + (Px3+px?+px+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] COS X =
= [~ + (3BY—B)x* + (2p—7)x + (u—09)]sin x
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+3§)sin x
+ (3Yx2+2px+u) sin x + (Px3+ox?+px+v) cos x,
[1~x3+0~x2+0-x+0} sinx + [0'X3+0~X2+0~X+0] Cos X =
= [~ + (BY=P)x* + (2p—7)x + (u—09)]sin x
+ ['L/)X3 ]cosx.
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx?+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] COS X =
= [~ + (3Y=P)x* + (2p—7)x + (u—09)]sin x
+ [9x® + (3a+p)x? |cos x.
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx?+2px+p) sin x + (Px3+px?+px+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] COS X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [9x® + (3a+¢)x? + (284 p)x |cos x.
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] COS X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:

i o = 5]
sin x 1= Qv pre x°,
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] COoS X =
= [~ + (3Y=P)x* + (2p—7)x + (u—9)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx:  1l=—a prex®, 0=31—[ pre 12,
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (BY=P)x* + (2p—7)x + (u—9)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: l=—a pex®, 0=30—LF prex?, 0=20— pre x!,
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (BY=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—a presd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre x,
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—apresd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre x,
cosx: 0= presd,
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=P)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—apresd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre x,
cosx: 0= prex®, 0=3a+® prex?,
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—apresd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre x,
cosx: 0= prex®, 0=3a+@ prex?, 0=204p prex!,
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] COoS X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—apresd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre x,
cosx: 0= prex®, 0=3a+p prex?, 0=204p prex!, O0=7+V pre x°.
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] COoS X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—apresd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre x,
cosx: 0= prex®, 0=3a+y prex?, 0=20+p prex!, 0=7+V prex°.
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—a presd, 0=30—F prex®, 0=2p—7 prex!, 0=p—03 pre <,
cosx: 0= prex®, 0=3a+y prex?, 0=20+p prex!, 0=7+V prex°.
= a=—1,

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

06 Metéda neuréitych koeficientov Priklad | Priklad Il

Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—apresd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre x,
cosx: 0= prex®, 0=3a+p prex?, 0=204+p prex!, O0=7+V pre x°.
= a=-1,p=3,
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—a presd, 0=300—F prex®, 0=20p—7 prex!, 0=p—03 pre <,
cosx: 0= prex®, 0=3a+y prex?, 0=20+p prex!, 0=7+V prex°.
= a=-1,p=3, v=6,
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—apresd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre x,
cosx: 0= prex®, 0=3a+p prex?, 0=204p prex!, O0=7+V pre x°.
= a=-1,p=3,v=6, v=—6,
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—apresd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre x,
cosx: 0= prex®, 0=3a+p prex?, 0=204+p prex!, O0=7+V pre x°.
= a=-1, =3 7v=6,v=—6, rsp =0,
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Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx:  1=—a presd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre ,
cosx: 0= prex®, 0=3a+y prex?, 0=20+p prex!, 0=7+V prex°.
= a=-1,9=3,vy=06,v=—06, rsp.»=0,8=0,
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06 Metéda neuréitych koeficientov Priklad | Priklad Il

Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—apresd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre x,
cosx: 0= prex®, 0=3a+p prex?, 0=20+p prex!, O0=7+V prex°.
= a=-1,9p=3,7y=6,v=—06, rp. =0 6=0, u=0,
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06 Metéda neuréitych koeficientov Priklad | Priklad Il

Metoéda neurcitych koeficientov

I3:/ 3sinxdx

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] cos X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—a presd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre x,
cosx: 0= prex®, 0=3a+y prex?, 0=20+p prex!, 0=7+V prex°.
= a=-1,9=3,7v=6,v=—06, rp =0, =0 u=0,6=0.
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06 Metéda neuréitych koeficientov Priklad | Priklad Il

Metoéda neurcitych koeficientov

l5 :/ 3sinxdx = (—x3+6x) cos x + (3x*>—6)sinx + ¢

Odhad I3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,

XER, cER, ke a0, B,7,0,0, 0, u, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretoge (< sin x)/ = = cos x, (& cos x)’ = = sin x]
x3sinx = (Bax?+2B8x+7) cos x — (ax3+ Bx2+yx+§)sin x
+ (3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0~x2+0-x+0} sin x + [0'X3+0~X2+0~X+0] COoS X =
= [~ + (3Y=B)x* + (2p—7)x + (u—09)]sin x
+ [ + (Ba+p)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, v:
sinx: 1l=—apresd, 0=30—F prex®, 0=20p—7 prex!, 0=p—03 pre x,
cosx: 0= prex®, 0=3a+y prex?, 0=20+p prex!, 0=7+V prex°.
= a=-1,9=3,7v=6,v=—06, rp. =0, =0 u=0,6=0.
Riegenie I3 = (—x3+6x)cosx + (3x2—6)sinx + ¢, xER, cER.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substitiucie — 1. metéda (jednostranna)

1. metéda substitticie F(x) je primitivna k f(x) na intervale /,

x=(t) ma derivaciu ¢'(t) na intervale J, po(J) C .
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substitiucie — 1. metéda (jednostranna)

1. metéda substitticie F(x) je primitivna k f(x) na intervale /,

x=(t) ma derivaciu ¢'(t) na intervale J, po(J) C .
= F[e(t)] je primitivna funkcia k funkcii fp(t)]-¢'(t) na J
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substitiucie — 1. metéda (jednostranna)

1. metéda substitticie F(x) je primitivna k f(x) na intervale /,

x=(t) ma derivaciu ¢'(t) na intervale J, po(J) C .

= F[e(t)] je primitivna funkcia k funkcii fp(t)]-¢'(t) na J aplat
/f[<,o(t)]-¢(t)dt - /f(x)dx — F(x)+ ¢ = Flp(t)] + ¢, teJ, ceR.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substitiucie — 1. metéda (jednostranna)

1. metéda substitticie F(x) je primitivna k f(x) na intervale /,

x=(t) ma derivaciu ¢'(t) na intervale J, po(J) C .

= F[e(t)] je primitivna funkcia k funkcii fp(t)]-¢'(t) na J aplat
/f[<,o(t)]-¢(t)dt - /f(x)dx — F(x)+ ¢ = Flp(t)] + ¢, teJ, ceR.

Zlozend funkcia F(x) = F[p(t)] je primitivna k f[p(t)]-¢’(t), pretoze
F'(x)=[Flp(O]] = Flo(t)]-¢' () =Flo(t)]-¢/(£) we xET, x=0(t), tEJ.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substitiucie — 1. metéda (jednostranna)

1. metéda substitticie F(x) je primitivna k f(x) na intervale /,

x=(t) ma derivaciu ¢'(t) na intervale J, po(J) C .

= F[e(t)] je primitivna funkcia k funkcii fp(t)]-¢'(t) na J aplat
/f[<,o(t)]-¢(t)dt - /f(x)dx — F(x)+ ¢ = Flp(t)] + ¢, teJ, ceR.

Zlozend funkcia F(x) = F[p(t)] je primitivna k f[p(t)]-¢’(t), pretoze
F'(x)=[Flp(O]] = Flo(t)]-¢' () =Flo(t)]-¢/(£) we xET, x=0(t), tEJ.

Metéda sa pouziva na vypocet integrilov /f[(,o(t)]go’(t)dt :/f[go(t)]dgo(t).
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substitiucie — 1. metéda (jednostranna)

1. metéda substitticie F(x) je primitivna k f(x) na intervale /,

x=(t) ma derivaciu ¢'(t) na intervale J, po(J) C .

= F[e(t)] je primitivna funkcia k funkcii fp(t)]-¢'(t) na J aplat
/f[<,o(t)]-¢(t)dt - /f(x)dx — F(x)+ ¢ = Flp(t)] + ¢, teJ, ceR.

Zlozend funkcia F(x) = F[p(t)] je primitivna k f[p(t)]-¢’(t), pretoze
F'(x)=[Flp(O]] = Flo(t)]-¢' () =Flo(t)]-¢/(£) we xET, x=0(t), tEJ.

Metéda sa pouziva na vypocet integrilov /f[(,o(t)]go’(t)dt :/f[go(t)]dgo(t).

o Nahradime x=(t) a diferencidl dx=dp(t)=¢'(t)dt, « ; substiticia.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substitiucie — 1. metéda (jednostranna)

1. metéda substitticie F(x) je primitivna k f(x) na intervale /,

x=(t) ma derivaciu ¢'(t) na intervale J, po(J) C .

= F[e(t)] je primitivna funkcia k funkcii fp(t)]-¢'(t) na J aplat
/f[<,o(t)]-¢(t)dt - /f(x)dx — F(x)+ ¢ = Flp(t)] + ¢, teJ, ceR.

Zlozend funkcia F(x) = F[p(t)] je primitivna k f[p(t)]-¢’(t), pretoze
F'(x)=[Flp(O]] = Flo(t)]-¢' () =Flo(t)]-¢/(£) we xET, x=0(t), tEJ.

Metéda sa pouziva na vypocet integrilov /f[(,o(t)]go’(t)dt :/f[go(t)]dgo(t).
o Nahradime x=(t) a diferencidl dx=dp(t)=¢'(t)dt, « ; substiticia.

o Najdeme primitivnu funkciu F(x), ;. vypoéitame [f(x)dx.

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substitiucie — 1. metéda (jednostranna)

1. metéda substitticie F(x) je primitivna k f(x) na intervale /,

x=(t) ma derivaciu ¢'(t) na intervale J, po(J) C .

= F[e(t)] je primitivna funkcia k funkcii fp(t)]-¢'(t) na J aplat
/f[<,o(t)]-¢(t)dt - /f(x)dx — F(x)+ ¢ = Flp(t)] + ¢, teJ, ceR.

Zlozend funkcia F(x) = F[p(t)] je primitivna k f[p(t)]-¢’(t), pretoze
F'(x)=[Flp(O]] = Flo(t)]-¢' () =Flo(t)]-¢/(£) we xET, x=0(t), tEJ.
Metéda sa pouziva na vypocet integrilov /f[(p(t)]gp’(t)dt :/f[go(t)]dgo(t).
o Nahradime x=(t) a diferencidl dx=dp(t)=¢'(t)dt, « ; substiticia.
o Najdeme primitivnu funkciu F(x), « ;. vypocitame /f(x) dx.

@ Rovnakou substiticiou x=¢(t) dostaneme primitivnu funkciu F[p(t)].
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Metoda substitucie
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Metoda substitucie

— | Subst. x =sint
dx = costdt

teER
x€(—1;1)
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

— | Subst. x =sint
dx = costdt

teER _ 3
X€<71;1>} —/X dx
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Metoda substitucie

— | Subst. x =sint
dx = cos tdt

teER _ 3
X€<71;1>} —/X dx
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

— | Subst. x =sint
dx = costdt

teRr . 3 _x*
x€<71;1)} _/X dX—T+C
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Metoda substitucie

. »
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = costdt

x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

. »
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = costdt

x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

. »
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = costdt

x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.

— Subst. t=x*|xeR
dt = 4x>dx | teR
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

. »
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = costdt

x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.

— | Subst. t=x*
dt = 4x3 dx

xeR| _1 dt
ter | 4 [ t?2+1
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

. »
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = costdt

x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.

— | Subst. t= x*
dt = 4x3 dx

xeR| _1 dt
teR |~ 4 [ t2+1
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

. »
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = costdt

x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.

— | Subst. t=x*
dt = 4x3 dx

xER| _1 dt 1
teR}—4/—t2+l—4arctgt+c
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

. »
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = costdt

x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.

‘x3dx_1 4
/XSJrl = jarctgx® + ¢

— | Subst. t=x*
dt = 4x3 dx

ig}:%/tzd—jl:%arctgt+c:%arctgx‘urc, xXER, ceR.
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Metoda substitucie

. »
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = costdt

x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.

‘x3dx_1 4
/XSJrl = jarctgx® + ¢

— | Subst. t=x*
dt = 4x3 dx

fgg}:%/tzd—jl:%arctgt+c:%arctgx‘urc, xXER, ceR.
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Metoda substitucie

. »
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = costdt

x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.

‘x3dx_1 4
/XSJrl = jarctgx® + ¢

— | Subst. t=x*
dt = 4x3 dx

fgg}:%/tzd—jl:%arctgt+c:%arctgx‘urc, xXER, ceR.

:{Subst. t:f(x):| :|:Subst.x:f(t):|
dt=f'(x)dx dx=f'(t)dt
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Metoda substitucie

. »
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = costdt

x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.

‘x3dx_1 4
/XSJrl = jarctgx® + ¢

terR| 4 [ 2+1 4

— | Subst. t=x*
dt = 4x3 dx

XGR}—I/ i —1arctgt+c:%arctgx4+c, xXER, ceR.

__| Subst. t=f(x) | __ [ dt __ | Subst. x=f(t) | _ [ dx
T dt=f(x)dx | t T dx=f(t)dt| [ x
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

. »
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = costdt

x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.

‘x3dx_1 4
/XSJrl = jarctgx® + ¢

terR| 4 [ 2+1 4

— | Subst. t=x*
dt = 4x3 dx

XGR}—I/ i —1arctgt+c:%arctgx4+c, xXER, ceR.

__ | Subst. t=Ff(x) | __ [ dt __ | Subst. x=f(t) | __ [ dx
T dt=f(x)dx | t T dx=f(t)dt| X
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

. »
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = costdt

x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.

‘x3dx_1 4
/XSJrl = jarctgx® + ¢

terR| 4 [ 2+1 4

— | Subst. t=x*
dt = 4x3 dx

XGR}—I/ i —1arctgt+c:%arctgx4+c, xXER, ceR.

dt=f'(x)dx dx=f'(t)dt

:{Subst.tff(x)]:/%:|n|t‘+c :|:Subst.xff(t):|: %:ln |X|+C
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

. »
/sin%costdtz%t-i-c

dx = costdt

— | Subst. x =sint
x€(—1;1)

teER } :/X3dx:%+c:#+c,teR,ceR.

‘x3dx_1 4
/XSJrl = jarctgx® + ¢

— | Subst. t=x*
dt = 4x3 dx

fgg}:%/tzd—jl:%arctgt+c:%arctgx‘urc, xXER, ceR.

:{Szt;sift,zxf)(;j}: %:In|t\+c :{Sudbjl);/ztf)(jg}: %:ln |X|+C
=In|f(x)|+c, x€D(f), ceR. =In|f(t)|+c, teD(f), cER.
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07 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

F je primitivna k f na intervale /, a,fER, a<fB, a beR, a#0.

/f(aH—b)dt
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07

Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

F je primitivna k f n
/f(at+b)dt:r§b§?
resp

a intervale /, a,fER, a<fB, a beR, a#0.

x=at+b|te(a;p)
aa+b; aB+b) | dx = adt
. x € (aB+b; aa+b)

|

Subst.

/f(t+b)dt :{

x € (a+b; B+b)

te(a; B)

x=t+b
dx = dt

)

Subst.  x

/f(—t)dt:[

xE(—B; —a)

= —t| te(a;: B)

dx = —dt

}
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07 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

F je primitivna k f na intervale /, a,fER, a<fB, a beR, a#0.

Subst. x=at+b|te(a; B
/f(at+b)dt:|: xE(aaﬁ»b;;ﬁ#»b) dx(ad)t:| :/LQCb(
resp. x € (a3 +b; acc+b)

[Jrtesyde [ g craae ] = [roax
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07 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

F je primitivna k f na intervale /, a,fER, a<fB, a beR, a#0.

Subst. x =at+b|te(a; B
/f(at+b)dt:|: x € (ac+b; aB+b) | dx (: ad)t:| :/f(xi‘gdx
resp. x € (aB+b; aac+b)

Jreenyee =[r s sns|iale ) = froaax

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

07 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

F je primitivna k f na intervale /, a,fER, a<fB, a beR, a#0.

/f(at+b) dt = rx“?(aaizxféibﬁ’ i (“;il} — /M — 4 .

resp. x € (aB+b; aac+b) a a

Jresyde <[ ping 5] = [0 de=Flo e
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07 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

F je primitivna k f na intervale /, a,fER, a<fB, a beR, a#0.

Subst. x =at+b|te(a; B
/f(at—l—b)dt:{ xEEanrb;as;er) E:ix(ad)t:| :/LQ)ICIX:@‘FCZW‘FC;
resp. x € (aB+b; aac+b)
te(w; B), ceR.

[Jrtesbyde [ s 5] = [ de=F+e=Flr+b)+e,
te(w; B), ceR.

Sf:‘fdt /f Ydx=—F(x)+c= —F(—t)+c,

/f(—t) dt:[s“isg(,if,j
te(a; B), ceR.
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07 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr

Metoda substitucie

I Pr.lV Pr.V

F je primitivna k f na intervale /, a,fER, a<fB, a beR, a#0

Subst. x =at+ b
/f(aH—b)dt:{ X € (aa+b; aB+b)
resp. x € (aB+b; aac+b)

te(a

F(x) je primitivna k f(x) na |=(aa+b; a3+ b) pre a> 0, resp. na | =(a8+b; acc+b) pre a<0,

25‘“;?1}:/@“:@“:@%
:B), cER.

/ (t+b)dt _{S“jsg(”jbf;gbﬂfgg:g}:/f(x)dx:F(x)+c:F(t+b)+c,
:B), cER.

te(a
F(x) je primitivna k f(x) na I=(a+b; B+b),

/f(—t) dt= {S“T&ﬁaiﬁ

F(x) je primitivna k f(x) na I=(—8; —a),

te(a

éffgl /} Jdx=—F(x)+c= —F(-t)+c,
:B), ceR.
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07 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

F je primitivna k f na intervale /, a,fER, a<fB, a beR, a#0.

Subst. x =at+b|te(a; B
/f(at—l—b)dt:{ xet(anrb;as;er) fix(ad)t:| :/Lp:@‘i‘czw‘kcy
resp. x € (aB+b; aac+b)
te(w; B), ceR.

F(x) je primitivna k f(x) na |=(aa+b; a3+ b) pre a> 0, resp. na | =(a8+b; acc+b) pre a<0,
F(at+b)
a

je primitivna k f(at+b) na J=(c; ),

/ (t+b)dt _{S“jsg(”jbf;gbﬂfgg:g}:/f(x)dx:F(x)+c:F(t+b)+c,
te(w; B), ceR.

F(x) je primitivna k f(x) na I=(a+b; B+b), F(t+b) je primitivna k f(t+b) na J=(o; B),

éf}fdt /f Jdx=—F(x)+c= —F(-t)+c,

/f(—t) dt= {S“T&ﬁaiﬁ
te(o; B), ceR.

F(x) je primitivna k f(x) na I=(—p3; —a), —F(—t) je primitivna k f(—t) na J=(a; B),
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07 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

F je primitivna k f na intervale /, v, [ ¢ < | a,beR, a#0.

Subst. x =at+b|te(a; B
/f(at—l—b)dt:{ xet(anrb;as;er) fix(ad)t:| :/f(xizdxzm‘i‘czw‘f'cy
resp. x € (aB+b; aac+b)
te(w; B), ceR.

F(x) je primitivna k f(x) na |=(aa+b; a3+ b) pre a> 0, resp. na | =(a8+b; acc+b) pre a<0,
F(at+b)
a

je primitivna k f(at+b) na J=(c; ),
x=(t)=at+b ma na J=(a; B) deriviciu ¢’ (t)=a,

/ (t+b)dt _{S“jsg(”jbf;gbﬂfgg:g}:/f(x)dx:F(x)+c:F(t+b)+c,

te(w; B), ceR.
F(x) je primitivna k f(x) na I=(a+b; B+b), F(t+b) je primitivna k f(t+b) na J=(o; B),
x=(t)=t+b ma na J=(c; B) derivaciu ¢’ (t)=1,
/f(—t)dt:[suisé(izix éf,“fdt /f =—F(x)+c= —F(—t)+c
te(o; B), ceR.

F(x) je primitivna k f(x) na I=(—p3; —a), —F(—t) je primitivna k f(—t) na J=(a; B),
x=p(t)=—t ma na J=(a; B) deriviciu ¢’ (t)=—1,
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07 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

F je primitivna k f na intervale /, v, [ ¢ < | a,beR, a#0.

Subst. x =at+b|te(a; B
/f(at—l—b)dt:{ xet(anrb;as;er) fix(ad)t:| :/f(xizdxzm‘i‘czw‘f'cy
resp. x € (aB+b; aac+b)
te(w; B), ceR.

F(x) je primitivna k f(x) na |=(aa+b; a3+ b) pre a> 0, resp. na | =(a8+b; acc+b) pre a<0,
F(at+b)
a

je primitivna k f(at+b) na J=(c; ),
x=(t)=at+b ma na J=(a; B) deriviciu ¢’ (t)=a, dx=¢'(t)dt=adt,

/ (t+b)dt _{S“jsg(”jbf;gbﬂfgg:g}:/f(x)dx:F(x)+c:F(t+b)+c,
te(w; B), ceR.

F(x) je primitivna k f(x) na I=(a+b; B+b), F(t+b) je primitivna k f(t+b) na J=(o; B),
x=(t)=t+b mé na J=(c; B) derivaciu ¢’ (t)=1, dx=¢'(t)dt=dt,

/f(—t) dt= {S“T&ﬁaiﬁ

F(x) je primitivna k f(x) na I=(—p3; —a), —F(—t) je primitivna k f(—t) na J=(a; B),
x=p(t)=—t ma na J=(a; B) deriviciu ¢’ (t)=—1, dx=¢'(t)dt=—dt,

AR / F(x) dx=—F(x)+c= — F(—t)+c
te(o; B), ceR.
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07 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

F je primitivna k f na intervale /, v, [ ¢ < | a,beR, a#0.

Subst. x =at+b|te(a; B
/f(at—l—b)dt:{ xet(anrb;as;er) fix(ad)t:| :/f(xizdxzm‘i‘czw‘f'cy
resp. x € (aB+b; aac+b)
te(w; B), ceR.

F(x) je primitivna k f(x) na |=(aa+b; a3+ b) pre a> 0, resp. na | =(a8+b; acc+b) pre a<0,
F(at+b)
a

je primitivna k f(at+b) na J=(c; ),
x=(t)=at+b ma na J=(a; B) deriviciu ¢’ (t)=a, dx=¢'(t)dt=adt, @(J)=I.

/ (t+b)dt _{S“jsg(”jbf;gbﬂfgg:g}:/f(x)dx:F(x)+c:F(t+b)+c,
te(w; B), ceR.

F(x) je primitivna k f(x) na I=(a+b; B+b), F(t+b) je primitivna k f(t+b) na J=(o; B),
x=p(t)=t+b mé na J=(c; B) derivaciu ¢’ (t)=1, dx=¢’(t)dt=dt, @(J)=1I.

/f(—t) dt= {S“T&ﬁaiﬁ

F(x) je primitivna k f(x) na I=(—p3; —a), —F(—t) je primitivna k f(—t) na J=(a; B),
x=p(t)=—t ma na J=(a; B) deriviciu ¢’ (t)=—1, dx=¢'(t)dt=—dt, p(J)=I.

AR / F(x) dx=—F(x)+c= — F(—t)+c
te(o; B), ceR.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substiticie — 2. metéda (obojstrannd)

2. metdda substiticie x=p(t): J=1, ¢'(t)#0 pre vsetky te)®
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substiticie — 2. metéda (obojstrannd)

2. metdda substiticie x=p(t): J=1, ¢'(t)#0 pre vsetky te)®
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= F[p~*(x)] je primitivna funkcia k funkcii f(x) na /
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substiticie — 2. metéda (obojstrannd)

2. metdda substiticie x=p(t): J=1, ¢'(t)#0 pre vsetky te)®

I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.
= F[e~Y(x)] je primitivna funkcia k funkcii f(x) na / a plati

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substiticie — 2. metéda (obojstrannd)

2. metdda substiticie x=p(t): J=1, ¢'(t)#0 pre vsetky te)®

I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.
= F[e~Y(x)] je primitivna funkcia k funkcii f(x) na / a plati

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x=(t) je rydzo monoténna,
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substiticie — 2. metéda (obojstrannd)

2. metdda substiticie x=p(t): J=1, ¢'(t)#0 pre vsetky te)®

I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.
= F[e~Y(x)] je primitivna funkcia k funkcii f(x) na / a plati

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x=(t) je rydzo monoténna,

tj je prosta a existuje k nej inverzna funkcia t=¢1(x).
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substiticie — 2. metéda (obojstrannd)

2. metdda substiticie x=p(t): J=1, ¢'(t)#0 pre vsetky te)®

I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.
= F[e~Y(x)] je primitivna funkcia k funkcii f(x) na / a plati

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x=(t) je rydzo monoténna,
tj je prosta a existuje k nej inverzna funkcia t=¢1(x).
Funkcia Fp~1(x)] je primitivna k f(x),
pretoze pre X € [, x=p(t), t € J plati
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substiticie — 2. metéda (obojstrannd)

2. metdda substiticie x=p(t): J=1, ¢'(t)#0 pre vsetky te)®

I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.
= F[e~Y(x)] je primitivna funkcia k funkcii f(x) na / a plati

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x=(t) je rydzo monoténna,
tj je prosta a existuje k nej inverzna funkcia t=¢1(x).
Funkcia Fp~1(x)] je primitivna k f(x),
pretoze pre X € [, x=p(t), t € J plati

[Fle™ 0" = Fle™ ()] - [e~ ()
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substiticie — 2. metéda (obojstrannd)

2. metdda substiticie x=p(t): J=1, ¢'(t)#0 pre vsetky te)®

I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.
= F[e~Y(x)] je primitivna funkcia k funkcii f(x) na / a plati

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x=(t) je rydzo monoténna,
tj je prosta a existuje k nej inverzna funkcia t=¢1(x).
Funkcia Fp~1(x)] je primitivna k f(x),
pretoze pre X € [, x=p(t), t € J plati

[Fle™ 0" = Fle™ (] - [e™ ()" = F'(2) - e ()

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substiticie — 2. metéda (obojstrannd)

2. metdda substiticie x=p(t): J=1, ¢'(t)#0 pre vsetky te)®
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= Flp~*(x)] je primitivna funkcia k funkcii f(x) na I aplat

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x=(t) je rydzo monoténna,
tj je prosta a existuje k nej inverzna funkcia t=¢1(x).
Funkcia Fp~1(x)] je primitivna k f(x),
pretoze pre X € I, XZQD(t), te J plati
_ / _ _ _
[Fle™ (I = F'le 01 - [~ () = F/(t) - [ (X))
= fle(0)]- @'(1) - [p1 ()]
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metadda substiticie — 2. metéda (obojstrannd)

2. metdda substiticie x=p(t): J=1, ¢'(t)#0 pre vsetky te)®
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= Flp~*(x)] je primitivna funkcia k funkcii f(x) na I aplat

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x=(t) je rydzo monoténna,
tj je prosta a existuje k nej inverzna funkcia t=¢1(x).
Funkcia Fp~1(x)] je primitivna k f(x),
pretoze pre X € I, XZQD(t), te J plati
[Fle™ 0" = Fle™ (] - [e™ ()" = F'(2) - e ()
= fle(t)] - ¢'(1) - [T (X)) = Fle(8)] - (1) -
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Metadda substiticie — 2. metéda (obojstrannd)

2. metdda substiticie x=p(t): J=1, ¢'(t)#0 pre vsetky te)®
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= Flp~*(x)] je primitivna funkcia k funkcii f(x) na I aplat

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x=(t) je rydzo monoténna,
tj je prosta a existuje k nej inverzna funkcia t=¢1(x).
Funkcia Fp~1(x)] je primitivna k f(x),
pretoze pre X € I, XZQD(t), te J plati
[Fle2 () = Fle™ (0] - [0 = F/(2) - [~ ()]
= fle(D] - ¢'(8) - [¢7 ()] = Flo(0)] - /(1) - Fhgy = Fle()] = F().
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Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[cp(t)]~gp’(t)dt.
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[cp(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[cp(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].
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1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

/ v ;XZ dx
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

/ v ;XZ dx

x€(—10)U (0;1)

| Subst. x =sint
o te(—%;0) U (0; &)

t = arcsin x

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—-x2 = V1—sin2t = Vcos? t = |cos t| = cos t
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

/ v ;XZ dx

x€(—1;0)U (0;1)

__ | Subst. x =sint
- te(—=Z;0)U (0 T)

t = arcsin x

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—-x2 = V1—sin2t = Vcos? t = |cos t| = cos t
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

/ v ;XZ dx

x€(—10)U (0;1

__ | Subst. x =sint
o te(—Z;0)U(0: F)

t = arcsin x

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—-x2 = V1—sin2t = Vcos? t = |cos t| = cos t
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

x€(—10)U (0;1)
te(—=F:0) U (0; T)

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—x2 = V1—sin2 t = Vcos2 t = |cos t| = cos t

Subst. x =sint
t = arcsin x

cost-costdt cos tdt
sin? t
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

x€(—10)U (0;1)
te(—=F:0) U (0; T)

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—-x2 = V1—sin2t = Vcos? t = |cos t| = cos t

{Subst. x =sint

t = arcsin x

_ cos t- cos tdt
sin? t
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

x€(—10)U (0;1)
te(—=F:0) U (0; T)

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—-x2 = V1—sin2t = Vcos? t = |cos t| = cos t

__ | Subst. x =sint

t = arcsin x

_ cos t- cos tdt
sin? t
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

V izxz dx

Subst. x =sint|xe(—1;0)U (0;1)

te(=%:0)U(0; T)

_ cost-costdt [ 1—sin®tdt
- sin? t — sin? t

t = arcsin x

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—-x2 = V1—sin2t = Vcos? t = |cos t| = cos t

beerb@frcatel.fri http://frcatel.fri.uniza.sk/ beerb
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

V izxz dx

Subst. x =sint|xe(—1;0)U (0;1)

te(=%:0)U(0; T)

_ .cost-costdt_ 1—sin®tdt __ ‘ 1
_/ sin? t _/ sin? t _/(sin2t 1) dt

t = arcsin x

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—-x2 = V1—sin2t = Vcos? t = |cos t| = cos t
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

/ v ;XZ dx

Subst. x =sint|xe(—1;0)U (0;1)

te(=%:0)U(0; T)

_ .cost-costdt_ 1—sin®tdt __ ‘ 1 _
_/ sin? t _/ sin? t _/(sin2t71)dt_7COtgt7t+c

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—-x2 = V1—sin2t = Vcos? t = |cos t| = cos t

t = arcsin x
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Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

V izxz dx

x€(—10)U (0;1)

te(=%:0)U(0; T)

__ | Subst. x =sint
t = arcsin x

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—-x2 = V1—sin2t = Vcos? t = |cos t| = cos t

_ .cost-costdt_ 1—sin®tdt __ ‘ 1 _
_/ sin? t _/ sin? t _/(sin2t71)dt_7COtgt7t+c

____ cost
~ sint t+c
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

/ v ;XZ dx

x€(—10)U (0;1)

__ | Subst. x =sint
o te(—%;0) U (0; &)

t = arcsin x

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—x2 = V1—sin2 t = Vcos2 t = |cos t| = cos t

_ .cost-costdt_ 1—sin®tdt __ ‘ 1 _
_/ sin? t _/ sin? t _/(sin2t71)dt_7COtgt7t+c

=—<st_t4c=— 7V1;X2— arcsinx + ¢, xe(—1;1) — {0}, ceR.

sin t
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Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

/ v ;XZ dx

x€(—10)U (0;1)

| Subst. x =sint
o te(—%;0) U (0; &)

t = arcsin x

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—-x2 = V1—sin2t = Vcos? t = |cos t| = cos t

_ .cost-costdt_ 1—sin®tdt __ ‘ 1 _
_/ sin? t _/ sin? t _/(sin2t71)dt_7COtgt7t+c

=—<st_t4c=— 7V1;X2— arcsinx + ¢, xe(—1;1) — {0}, ceR.

sin t
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Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

/ v ;XZ dx

x€(—10)U (0;1)

__ | Subst. x =sint
o te(—%;0) U (0; &)

t = arcsin x

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
V1—-x2 = V1—sin2t = Vcos? t = |cos t| = cos t

_ .cost-costdt_ 1—sin®tdt __ ‘ 1 _
_/ sin? t _/ sin? t _/(sin2t71)dt_7COtgt7t+c

=—<st_p4c=— 7V1;X2— arcsinx + ¢, xe(—1;1) — {0}, ceR.

sin t
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Metoda substitucie

Metéda sa pouZiva na vypocet integralov /f(x) dx.

o Nahradime x=(t) a zostrojime /f[(p(t)]~gp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitticiou t=p~!(x) ziskame primitivnu funkciu F[p~1(x)].

.1—><2 \/ 1—x2 .
/TdX: —~—— —arcsinx + ¢

x€(—10)U (0;1)
te(—=F:0) U (0; T)

dx = cos tdt, cost>0pre t€(—5;0) U (0; T)

__ | Subst. x =sint
o V1—-x2 = V1—sin2t = Vcos? t = |cos t| = cos t

t = arcsin x

_ .cost-costdt_ 1—sin®tdt __ 1 _
_/ sin® t _/ sin? t _/(sin2t71)dt_7COtgt7t+c

=—<st_t4c=— 7V1;X2— arcsinx + ¢, xe(—1;1) — {0}, ceR.

sin t
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Metoda substitucie
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Metoda substitucie

1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Subst. x=sint|x€(—1;1) dx =cos t dt, cost>0prete(—75; %)
t=arcsinx |[t€(—%; §) | V1-x2=V1—sin t=Vcos? t=|cos t| =cos t
_ | Subst. x=cost|xe&(—1;1)| dx=—sin tdt, sint >0 pre t € (0; )
t=arccosx |t €(0; ) |V1—x2=+V1— cos?t=Vsin2 t=sint|=sint
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1.MS Pr.l Pr.ll 22.MS Pr.l Pr.ll Pr.1ll
Metoda substitucie

Pr. IV

_ {Subst x=sint

x€(—1;1) | dx=costdt, cost>0prete(—%5i %) | _ [ costdt
t=arcsinx |[t€(—%; 5) | V1-x2=V1—sin t=Vcos? t=|cos t| =cos t o cost
_ | Subst. x=cost|xe(—1;1)| dx=—sin tdt, sint>0prete(0;7) | _ [—sintdt
t=arccosx [t €(0; ) |V1-x2=V1—cos? t=Vsin2t=|sint|=sint o sint

beerb@frcatel.

i.uniza.sk/ beerb
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Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV

_ Subst. x=sint|x€(—1;1) dx =cos t dt, cost>0prete(—75; %) _ [ costdt
t=arcsinx |[t€(—%; §) | V1-x2=V1—sin t=Vcos? t=|cos t| =cos t cost

_ | Subst. x=cost|xe&(—1;1)| dx=—sin tdt, sint>0prete(0;7) | _ [—sintdt
t=arccosx |t €(0; ) |V1—x2=+V1— cos?t=Vsin2 t=sint|=sint sint
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Metoda substitucie

1.MS Pr.l Pr.ll

2.MS Pr.l Pr.ll Pr.lll Pr.IV Pr.V

_ [ Subst. x=sint|xe(-1;1) dx =cos t dt, cost>0prete(—7 costdt _ dt

o t=arcsinx |[t€(—%; §) | V1-x2=V1—sin? t=Vcos? 7\cost\7cost cost

_ | Subst. x=cost|xe(—1;1)| dx=—sin tdt, sint>0prete(0;7) | _ [—sintdt dt
t=arccosx |t €(0; ) |V1—x2=+V1— cos?t=Vsin2 t=sint|=sint sint
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1.MS Pr.l Pr.ll 22.MS Pr.l Pr.ll Pr.1ll
Metoda substitucie

Pr.IV Pr.V

_ {Subst x=sint

x€(—1;1) | dx=costdt, cost>0prete(—% /costdt /dt
t=arcsinx | t€(—5: 5) Viex2= mfmf\cost\fcost cost

=t+

_ | Subst. x=cost|xe(—1;1)| dx=—sin tdt, sint>0prete(0;7) | _ [—sintdt

_{ t=arccos x | t€(0; ) | VI—x2=v1— cos? t=sin2 t= \smt\*smtj|_ sint dt

=—t+4+
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Metoda substitucie

__ | Subst. x=sint
t=arcsin x

x€(—1;1) dx =cos t dt, cost>0 pre tE€(— costdt dt
te(—%: 5)| VI—x2=vV1—sin?t=V/cos? 7\cost\7cost cost
=t+ ¢ =arcsinx + ¢c;, xe(—1;1), c, €R.

x € (—1;1) | dx=—sin tdt, sint>0pret€(0;m) | _ [—sintdt dt
te(0;m) |V1—x2=v1— cos? t=sin2 t=]|sin t| =sin t o sint

=—t+ = — arccosx + ¢, x€(—1;1), €R.

_ {Subst. Xx=cos t

t =arccos x
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Metoda substitucie

= arcsin X + ¢; = — arccos x + ¢

x€(—1;1) dx =cos t dt, cost>0 pre tE€(— costdt dt
te(—%: 5)| VI—x2=vV1—sin?t=V/cos? 7\cost\7cost cost
=t+ ¢ =arcsinx + ¢;, xe(—1;1), e, €R.

x € (—1;1) | dx=—sin tdt, sint>0pret€(0;m) | _ [—sintdt dt
te(0;m) |V1—x2=v1— cos? t=sin2 t=]|sin t| =sin t o sint

=—t+ = — arccosx + &, x€(—1;1), €R.

__ | Subst. x=sint
t=arcsin x

_ {Subst. Xx=cos t

t=arccos x
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Metoda substitucie

= arcsin X + ¢; = — arccos x + ¢

x€(—1;1) dx =cos t dt, cost>0 pre tE€(— costdt dt
te(—%: 5)| VI—x2=vV1—sin?t=V/cos? 7\cost\7cost cost
=t+ ¢ =arcsinx + ¢;, xe(—1;1), e, €R.

x € (—1;1) | dx=—sin tdt, sint>0pret€(0;m) | _ [—sintdt dt
te(0;m) |V1—x2=v1— cos? t=sin2 t=]|sin t| =sin t o sint

=—t+ = — arccosx + &, x€(—1;1), €R.

__ | Subst. x=sint
t=arcsin x

_ {Subst. Xx=cos t

t=arccos x

o Pri integrovani sa ¢asto rézne metédy kombinuji,
pricom ich niekedy treba pouzit aj viackrat za sebou.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

= arcsin X + ¢; = — arccos x + ¢

Subst. x=sint|x€(—1;1) dx =cos t dt, cost>0 pre t € ( costdt _ dt
t=arcsinx |[t€(—%; §) | V1-x2=V1—sin? t=Vcos? 7\cost\7cost cost

=t+ ¢ =arcsinx + ¢;, xe(—1;1), e, €R.
x€(—1;1)

dx = — sin t dt, sint >0 pre t € (0; ) _ [=sintdt dt
te(0;m) |V1—x2=v1— cos? t=sin2 t=]|sin t| =sin t sint
=—t+ = — arccosx + &, x€(—1;1), €R.

{Subst. Xx=cos t

t=arccos x

o Pri integrovani sa ¢asto rézne metédy kombinuji,
pricom ich niekedy treba pouzit aj viackrat za sebou.
@ Pri réznych postupoch mézeme dostat zdanlivo rozne vysledky.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

= arcsin X + ¢; = — arccos x + ¢

Subst. x=sint|x€(—1;1) dx =cos t dt, cost>0 pre t € ( costdt _ dt
t=arcsinx |[t€(—%; §) | V1-x2=V1—sin? t=Vcos? 7\cost\7cost cost

=t+ ¢ =arcsinx + ¢;, xe(—1;1), e, €R.
x€(—1;1)

dx = — sin t dt, sint >0 pre t € (0; ) _ [=sintdt dt
te(0;m) |V1—x2=v1— cos? t=sin2 t=]|sin t| =sin t sint
=—t+ = — arccosx + &, x€(—1;1), €R.

{Subst. Xx=cos t

t=arccos x

o Pri integrovani sa ¢asto rézne metédy kombinuji,
pricom ich niekedy treba pouzit aj viackrat za sebou.
@ Pri réznych postupoch mézeme dostat zdanlivo rozne vysledky.
@ Pokial sme sa nepomylili, vysledky sii rovnaké,
st vyjadrené v réznych tvaroch a mozu sa lisit o integracnl konstantu.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

= arcsin X + ¢; = — arccos x + ¢

x€(—1;1) dx =cos t dt, cost>0 pre tE€(— costdt dt
te(—%: 5)| VI—x2=vV1—sin?t=V/cos? 7\cost\7cost cost
=t+ ¢ =arcsinx + ¢;, xe(—1;1), e, €R.

x € (—1;1) | dx=—sin tdt, sint>0pret€(0;m) | _ [—sintdt dt
te(0;m) |V1—x2=v1— cos? t=sin2 t=]|sin t| =sin t o sint

=—t+ = — arccosx + &, x€(—1;1), €R.

__ | Subst. x=sint
t=arcsin x

_ {Subst. Xx=cos t

t=arccos x

o Pri integrovani sa ¢asto rézne metédy kombinuji,
pricom ich niekedy treba pouzit aj viackrat za sebou.
@ Pri réznych postupoch mézeme dostat zdanlivo rozne vysledky.
@ Pokial sme sa nepomylili, vysledky sii rovnaké,
st vyjadrené v réznych tvaroch a mozu sa lisit o integracnl konstantu.

Obe riesenia prikladu st spravne, pretoze arcsin x + arccos x = % plati pre vetky x € (—1;1),
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

= arcsin X + ¢; = — arccos x + ¢

xe(—1;1) dx =cos t dt, cost>0pre t € (— costdt __ dt
LE(=%: %) V1—x2=V1—sin? t = Vcos? 7\cost\7cost cost

=t+ ¢ =arcsinx + ¢;, xe(—1;1), e, €R.
x€(—1;1)

dx = — sin t dt, sint>0prete(0;m) | _ [—sintdt dt
te(0;m) |V1—x2=v1— cos? t=sin2 t=]|sin t| =sin t sint

=—t+ = — arccosx + &, x€(—1;1), €R.

__ | Subst. x=sint
t=arcsin x

_ {Subst. Xx=cos t

t=arccos x

o Pri integrovani sa ¢asto rézne metédy kombinuji,
pricom ich niekedy treba pouzit aj viackrat za sebou.

@ Pri réznych postupoch mézeme dostat zdanlivo rozne vysledky.

@ Pokial sme sa nepomylili, vysledky sii rovnaké,
st vyjadrené v réznych tvaroch a mozu sa lisit o integracnl konstantu.

Obe riesenia prikladu st spravne, pretoze arcsin x + arccos x = % plati pre vetky x € (—1;1),
t. j. obe primitivne funkcie sa na intervale (—1;1) Iia iba o konstantu 7.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

= arcsin X + ¢; = — arccos x + ¢

xe(—1;1) dx =cos t dt, cost>0pre t € (— costdt __ dt
LE(=%: %) V1—x2=V1—sin? t = Vcos? 7\cost\7cost cost

=t+ ¢ =arcsinx + ¢;, xe(—1;1), e, €R.
x€(—1;1)

dx = — sin t dt, sint>0prete(0;m) | _ [—sintdt dt
te(0;m) |V1—x2=v1— cos? t=sin2 t=]|sin t| =sin t sint

=—t+ = — arccosx + &, x€(—1;1), €R.

__ | Subst. x=sint
t=arcsin x

_ {Subst. Xx=cos t

t=arccos x

o Pri integrovani sa ¢asto rézne metédy kombinuji,
pricom ich niekedy treba pouzit aj viackrat za sebou.

@ Pri réznych postupoch mézeme dostat zdanlivo rozne vysledky.

@ Pokial sme sa nepomylili, vysledky sii rovnaké,
st vyjadrené v réznych tvaroch a mozu sa lisit o integracnl konstantu.

Obe riesenia prikladu st spravne, pretoze arcsin x + arccos x = % plati pre vetky x € (—1;1),
t. j. obe primitivne funkcie sa na intervale (—1;1) Iia iba o konstantu 7.

o O spravnosti sa presved¢ime napriklad spatnym derivovanim vysledku.
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Metoda substitucie

I:/coszxdx
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

| = /cos2 x dx
_ 1+4cos 2x
—/72 dx
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

| = /cos2 x dx
_ 1+4cos 2x _ [ dx cos 2x dx
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx
_ [ 14cos2x _ [dx cos2x dx __ | Subst.
—/ 2 dX—/2+/ 2 _{dX:%

t=2x
t

x=3

XGR} _

X
teR 2
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx
_ [ 14cos2x _ [dx cos2x dx __ | Subst.
—/ 2 dX—/2+/ 2 _{dX:%

t=2x
t

x=3

xER| _ x 1
tER]—g—&-ﬁ/costdt
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx
_ [ 14cos2x _ [dx cos2x dx __ | Subst.
—/ 2 dX—/2+/ 2 _|:d)<:%

t=2x

_t
X=3

xER| _ x 1
tER]—g—&-ﬁ/costdt
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx
_ [ 14cos2x _ [dx cos2x dx __ | Subst.
—/ 2 dX—/2+/ 2 _{dX:%

X 1 _:
7§+zsmt+c

t=2x

_t
X=3

xER| _ x 1
tER]—g—&-ﬁ/costdt
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx:%sin2x+§+c

/1+cos 2x dx /dx /cos 2xdx SUbSt-
dx* dt
2

2+75|nt+c—7 S|n2x+c xER, ceR.

t=2x

_t
X=3

xER| _ x 1
tER]—g—&-ﬁ/costdt
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

= /cos2 x dx
1+cos 2x dx dx cos2x dx __ | Subst.
2 2 T dx= %

2+75|nt+c—§ S|n2x+c xER, ceR.

t=2x

_t
X=3

xER| _ x 1
tER]—g—&-ﬁ/costdt

J— u = cosx
v/ = cosx
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07

Metoda substitucie

t=2x

_t
X=3

| = /cos2 x dx
Subst.

1+cos 2X d dx cos 2x dx 2x dx
2 dx = %

S|n2x+c xER, ceR.

xER| _ x 1
]—§+ﬁ/costdt

teER

_ X
2JrfsmtJrc 2

-

5 = cosx |u = —sinx} :sinxcosx

/= cosx|v = sinx

http://frcatel.fri.uniza.sk/ beerb
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr

Metoda substitucie

| = /cos2 x dx
1+cos 2x dx dx ~cos 2x dx 2x dx _ SUbSt-
2 dx* %

2+75|nt+c—§ S|n2x+c xER, ceR.

t=2x

_t
X=3

xER| _ x 1
tER]—g—&-ﬁ/costdt

v = sinx

’ . . .
® fs'”x} = 5|nxcosx+/5|n2xdx

— | u = cosx
v/ = cosx
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07

Metoda substitucie

t=2x

_t
X=3

| = /cos2 x dx
Subst.

1+cos 2X d dx cos 2x dx 2x dx
2 dx = %

S|n2x+c xER, ceR.

xER| _ x 1
]—§+ﬁ/costdt

teER

_ X
2JrfsmtJrc 2

o = 7sinx} — sinxCosx—i—/sinzxdx:%sin 2x—|—/(1—cos2 x) dx

u = cosx

{v/: cosx [v = sinx

iza.sk/ beerb
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07

Metoda substitucie

t=2x

_t
X=3

| = /cos2 x dx
Subst.

1+cos 2X d dx cos 2x dx 2x dx
2 dx = %

S|n2x+c xER, ceR.

xER| _ x 1
]—§+ﬁ/costdt

teER

_ X
2JrfsmtJrc 2

o = 7sinx} — sinxCosx—i—/sinzxdx:%sin 2x—|—/(1—cos2 x) dx

u = cosx

{v/: cosx [v = sinx

:%sin2x+xf/c052xdx

iza.sk/ beerb
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07

Metoda substitucie

t=2x

_t
X=3

| = /cos2 x dx
Subst.

1+cos 2X d dx cos 2x dx 2x dx
2 dx = %

S|n2x+c xER, ceR.

xER| _ x 1
]—§+ﬁ/costdt

teER

_ X
2JrfsmtJrc 2

o = 7sinx} — sinxCosx—i—/sinzxdx:%sin 2x—|—/(1—cos2 x) dx

I_{u*cosx

=|4= -

V. = COsX |V = sinx

_ 1 2 2 d 1 9 /
=5sin X + X — [ cos® x X=3sIn o aF X =

iza.sk/ beerb
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07

Metoda substitucie

t=2x

_t
X=3

| = /cos2 x dx
Subst.

1+cos 2X d dx cos 2x dx 2x dx
2 dx = %

S|n2x+c xER, ceR.

xER| _ x 1
]—§+ﬁ/costdt

teER

_ X
2JrfsmtJrc 2

o = 7sinx} — sinxCosx—i—/sinzxdx:%sin 2x—|—/(1—cos2 x) dx

u = cosx

{v/: cosx [v = sinx

:%sin2x+xf C052XdX:%Sin2X+X7/
%sin2x+x

===+
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx:%sin2x+§+c

/1+cos 2x dx /dx /cos 2xdx SUbSt-
dx* dt
2

2+75|nt+c—7 S|n2x+c xER, ceR.

t=2x

_t
X=3

xER| _ x 1
tER]—g—&-ﬁ/costdt

v/ = cosx

— | u = cosx
v = sinx

v fs”‘x} = Sil’]XCOSX-‘,—/SiandX:%Sin 2x—i—/(1—cos2 x) dx

:%Sin2X+X7/COS2XdX:%Sin2X+X7/

2 sin 2><+><

= /= +c_—sin2x+§+c,x€R,ceR.
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Metoda substitucie

t=2x

_t
X=3

| = /cos2 x dx
Subst.

1+cos 2X d dx cos 2x dx 2x dx
2 dx = %

S|n2x+c xER, ceR.

xER| _ x 1
]—§+ﬁ/costdt

teER

_ X
2JrfsmtJrc 2

o = 7sinx} — sinxCosx—i—/sinzxdx:%sin 2x—|—/(1—cos2 x) dx

J— u = COosXx
T | v = cosx|v = sinx
=1sin2 — 2xdx=2sin2 —
=5sin X + X COs” X dX= 3 sIn X + X
25|n2><—0—>( . x
:>I—7+c_—5|n2x+§+c,xeR,ceR.
J— u — CosXx
- V/:COSX
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07

Metoda substitucie

t=2x

_t
X=3

| = /cos2 x dx
Subst.

1+cos 2X d dx cos 2x dx 2x dx
2 dx = %

S|n2x+c xER, ceR.

xER| _ x 1
]—§+ﬁ/costdt

teER

_ X
2JrfsmtJrc 2

o = 7sinx} — sinxCosx—i—/sinzxdx:%sin 2x—|—/(1—cos2 x) dx

— u = COosXx
v/ = cosx|v = sinx
_ 1 2 2 d _ 1 2 /
=5SIN2X + X — [ Cos” X dX=3SIN2X + X —
25|n2><—0—>( . x
:>I—7+c_—5|n2x+§+c,xeR,ceR.
u cosx | u’ — sin x g
:{ ;) o }:SIHXCOSX
Vi = COsXx |V = sInXx
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1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

07

Metoda substitucie

t=2x

_t
X=3

| = /cos2 x dx
Subst.

1+cos 2X d dx cos 2x dx 2x dx
2 dx = %

S|n2x+c xER, ceR.

xER| _ x 1
]—§+ﬁ/costdt

teER

_ X
2JrfsmtJrc 2

o = 7sinx} — sinxCosx—i—/sinzxdx:%sin 2x—|—/(1—cos2 x) dx

— u = COosXx
v/ = cosx|v = sinx
_ 1 2 2 d _ 1 2 |
=5SIN2X + X — [ Cos” X dX=3SIN2X + X —
25|n2><—0—>( . x
:>I—7+c_—5|n2x+§+c,xeR,ceR.
u = cosx|u = —sinx o . 2
=1 . = sin x cos X+ [ sin“ x dx
Vi = COsXx |V = sInXx
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Metoda substitucie

t=2x

_t
X=3

| = /cos2 x dx
Subst.

1+cos 2X d dx cos 2x dx 2x dx
2 dx = %

S|n2x+c xER, ceR.

xER| _ x 1
]—§+ﬁ/costdt

teER

_ X
2JrfsmtJrc 2

o = 7sinx} — sinxCosx—i—/sinzxdx:%sin 2x—|—/(1—cos2 x) dx

— u = COosXx
v/ = cosx|v = sinx
_ 1 2 2 d 1 2 /
=5sin X + X — [ cos® x X =3 sIn X+ X —
25|n2><—0—>( . x
= =2 +c_—sm2x+§ +c, xR, ceR.
/ ' . . )
= {”,* ol = fs'”x} :slnxcosx+/5|n2xdx: {”,* sinx ]
V. = COSX |V = sInx V' = sIin X
:sinxcosx—i—[ }
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr

Metoda substitucie

| = /cos2 x dx
1+cos 2x dx dx ~cos 2x dx 2x dx _ SUbSt-
2 dx* %

2+75|nt+c—§ S|n2x+c xER, ceR.

t=2x

_t
X=3

xER| _ x 1
tER]—g—&-ﬁ/costdt

v = sinx

v fs”‘x} = Sil’]XCOSX-‘,—/SiandX:%Sin 2x—i—/(1—cos2 x) dx

:%Sin2X+X7/COS2XdX:%Sin2X+X7/

2 sin 2><+><

= /= +c== sin2x+§+c,x€R,c€R.

V/: COs X vV = — COsX

— | u = cosx
v = sinx v’ = sinx

/ . . . 1
¢ fs'”x} = smxcosx+/sm2xdx: {”,* sin x

u’ = cosx :|

:sinxcosx—i—[—sinxcosx }
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

| = /cos2 x dx
1+cos 2x dx dx ~cos 2x dx 2x dx _ SUbSt-
2 dx* %

2+75|nt+c—§ S|n2x+c xER, ceR.

t=2x

_t
X=3

xER| _ x 1
tER]—g—&-ﬁ/costdt

v/ = cosx

— | u = cosx
v = sinx

v fs”‘x} = Sil’]XCOSX-‘,—/SiandX:%Sin 2x—i—/(1—cos2 x) dx

:%Sin2X+X7/COS2XdX:%Sin2X+X7/

sin 2x+x .
= /_27 +c_—sm2x+§+c, XER, ceR.
= {u/f cosx|u = fsinx} :SinXCOSX+/Sin2XdX: |:u/7 s!nx u' = cosx :|
vi= cosx|v = sinx vi=sinx|v = — cosx

=sin x cos x—+ [ — sin x cos x—&—/cos2 X dx}
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

| = /cos2 x dx
1+cos 2x dx dx ~cos 2x dx 2x dx _ SUbSt-
2 dx* %

2+75|nt+c—5 S|n2x+c xER, ceR.

t=2x

_t
X=3

xER| _ x 1
tER]—g—&-ﬁ/costdt

2

o = 7sinx} — sinxCosx—i—/sinzxdx:%sin 2x—|—/(1—cos2 x) dx

v = sinx

— | u = cosx
v/ = cosx

:%Sin2X+X7/COS2XdX:%Sin2X+X7/

= I—M—l—c_—sinh—&—g—i—c, x€R, ceR.

u’ = cosx
vV = — COsX

v = sinx v’ = sinx

/ . . ) .
/= {” = cosxjun = *S'”X} :smxcosx+/sm2xdx: {“,* sinx

V/ = COS X

=sin X cos X+ [ — sinxcosx—&—/coszxdx} =/
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx:%sin2x+§+c

/1+cos 2x dx /dx /cos 2xdx SUbSt-
dx* dt
2

2+75|nt+c—7 S|n2x+c XER, ceR.
_|u = cosx|u = —sinx | _ .2 1 _: 2
_{V/:COSX S }_smxcosx—i—/sm xdx_55|n2x+/(1—cos x) dx

:%Sin2X+X7/COS2XdX:%Sin2X+X7/

t=2x

_t
X=3

xER| _ x 1
tER]—g—&-ﬁ/costdt

2 sin 2><+><

= /= +c_—sin2x+§+c,x€R,ceR.

V/ = COS X

— {u = cosx

, . . . .
¢ fs'”x} = smxcosx+/sm2xdx: {“ = sinx

/ n
v = sinx v’ = sinx

u’ = cosx
v — COs X

=sin X cos X+ [ — sinxcosx—&—/coszxdx} =/, +j. tato cesta nevedie k cielu.
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Metoda substitucie
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Metoda substitucie

Subst. t=Inx
dt=dx
X

x € (0; o0)
teR
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Subst. t=Inx
dt=dx
X

Ol = [rdt
teR
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

{Subst. t=Inx

dt= 9
T ox

Ol = frdt
teR
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Metoda substitucie

Subst. t=Inx
dt=dx
X

x€(0;00) [ __ _ﬁ
. }—/tdt— e
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Metoda substitucie

Subst. t=Inx
dt=dx
X

Xe(o;x)} :/tdt:t;—kc = '”;X + ¢, x € (0;0), ceR.

teR
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07 1.MS Pr.l Pr.ll

Metoda substitucie

{Subst. t=Inx
d
dt= <X

Xe(o;x)} —/tdt:t;—kc = '”;X + ¢, x € (0;0), ceR.

teR
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Metoda substitucie

_[Subst. t=Inx|xe(0;00)] __ _ _ In’x .

_{ e s }_/tdt—7+c— 5> 4 ¢, x € (0;00), ceR.
u=Inx|u =1 2

= [V/:Il v rnx} = |n X
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Metoda substitucie

_[Subst. t=Inx|xe(0;00)] __ _ _ In’x .
_{ N }_/tdt—7+c— 5> 4 ¢, x € (0;00), ceR.
=[] = |n2x—/'“—xdx

vi= g v = Inx X
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Metoda substitucie

Subst. t=Inx
dt=dx
X

Xe(o;x)} :/tdt:t;—kc = '”;X + ¢, x € (0;0), ceR.

teR
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Subst. t=Inx
dt=dx
X

Xe(o;x)} :/tdt:t;—kc = '”;X + ¢, x € (0;0), ceR.

teR

X} = |n2xf/'"7de:>/:%+C,x€(O;oo), ceR.
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Subst. t=Inx
dt=dx
X

Xe(o;x)} :/tdt:t;—kc = '”ZX + ¢, x € (0;0), ceR.

teR

X} = |n2xf/'"7de:>/:%+C,x€(O;oo), ceR.
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Subst. t=Inx
dt=dx
X

Xe(o;x)} :/tdt:t;—kc = '”ZX + ¢, x € (0;0), ceR.

teR

v = Inx

o' = }: |n2X7/In7XdX:>/I%+C,X€(O;OO),CER.

. u = Inx
V=1
x

;2 2
Subst. t=tgx |dt= 9% —sin"XFcos"x gy (152 x 1 1) dx=(t?>+1)dx, tER

— cos” x cos” x

X =arctg t dx:tfﬁ, x€(7%+2kﬂ,%+2kﬂ),k62
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Subst. t=Inx
dt=dx
X

Xe(o;x)} :/tdt:%z—kc = '”;X + ¢, x € (0;0), ceR.

teR

v = Inx

ol =y }: |n2X7/In7XdX:>/I%+C,X€(O;OO),CER.

— | u =Inx
V=1
x

.2 2
Subst. t=tgx|dt= dg :de:(tgzxAl)dx:(gﬁ»l)dx, teR 3dt
— = =k — [t
x=arctg t | dx= SL, X € (=T +2km; T +2km), kEZ t?+1
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Subst. t=Inx
dt=dx
X

Xe(o;x)} :/tdt:%z—kc = '”;X + ¢, x € (0;0), ceR.

teR

v = Inx

ol =y }: |n2X7/In7XdX:>/I%+C,X€(O;OO),CER.

— | u =Inx
V=1
x

.2 2
Subst. t=tgx |dt= 9% —sin"XHcos"x g, (152 x 1 1) dx=(t?>+1)dx, tER Sdt
— = = — [t
x=arctgt| dx= AL, X € (=T +2km; T +2km), kEZ t?+1

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Subst. t=Inx
dt=dx
X

Xe(o;x)} :/tdt:%z—kc = '”;X + ¢, x € (0;0), ceR.

teR

v = Inx

ol =y }: |n2X7/In7XdX:>/I%+C,X€(O;OO),CER.

— | u =Inx
V=1
x

.2 2
Subst. t=tgx |dt= 9% —sin"XHcos"x g, (152 x 1 1) dx=(t?>+1)dx, tER Bdt
— P o2 x = |L
x=arctg t | dx= SL, X € (=T +2km; T +2km), kEZ t?+1

_ [ B4t—tdt
* t2+1
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Subst. t=Inx
dt=dx
X

teR

Xe(o;x)} :/tdt:t;—kc = '”ZX + ¢, x € (0;0), ceR.

cos” x cos” x

;2 2
Subst. t=tgx |dt= 9% = SN"XF O X g (tg? x+1)dx=(2+1)dx, tER | [ Byy
[

X =arctg t dx:tfﬁ, x€(7%+2kﬂ,%+2kﬂ),k62

_ [ B4t—tdt _ 1 [2tdt
*/ t2+1 */tdt 2/t2+1
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Subst. t=Inx
dt=dx
X

teR

Xe(o;x)} :/tdt:t;—kc = '”ZX + ¢, x € (0;0), ceR.

“/:% }: |n2X7/In7XdX:>/I%+C,X€(O;OO),CER.

;2 2
Subst. t=tgx dt:Codsgxz%dx:(tgzxAl)dx:(lJ#»l)dx, teR | [ Bar
[

X =arctg t dx*— ——+2k7r 2+2k7r) keZ

t’+t—tdt 2tdt l’+l
s fese [ e [
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

{Subst. t=Inx
d
dt= <X

teR

Xe‘o‘x)} :/tdt= £ rc=x4 ¢ xe(0,00), ceR.

“/:% }: |n2X7/In7XdX:>/I%+C,X€(O;OO),CER.

cos” x cos” x

- 2
X =arctg t dx*— ——+2k7r 2+2k7r) keZ t2+1

d 2td (t°+1) 2 2
[ frary [ /rdr [ g (241) +c

|:Subst t=tg x

.2 2
dr= —dx :de:(tgzxAl)dx:(##»l)dx, teR:| B
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Subst. t=Inx
dt=dx
X

Xe(o;x)} :/tdt:t;—kc = '”ZX + ¢, x € (0;0), ceR.

teR

X} = |n2xf/'"7de:>/:%+C,x€(O;oo), ceR.

Subst. t=tgx
cos® x cos? x

t2+1

.2 2
o dg :de:(thXAl)dx:(t2+l)dx, teR:| /t3dt

X =arctg t dx* ——+2k7r +2k7r) keZ

t4t—tdt 1 1 [ (+1) i 2
/t2+1 / _E/t2+1 /tdt 5/ t2+1 *7"”(75 +1) +¢

=X _In(tg?x+1) + ¢, x€(—F+2km; T+2kn), keZ, ceR.
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Metoda substitucie

dx
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_{Subst.t:ex xER dx=4dt, &2 = 12

x=Int|t€(0;00)|(In t)/:%>0
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ {Subst. t=e*|xER

d)<:th,62X:t2 _ dt
(nt)y=1>0 tvVt2+t+1

x=Int|te(0; o)
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Metoda substitucie

_ {Subst. t=e*|xER

dx:th,eZX:t2 o dt
(nt)y=1>0 tvVt2+t+1

x=Int|te(0; o)
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ {Subst. t=e*|xER

dx=4t &> =27 dt
(nt)y=1>0 tvVt2+t+1

x=Int|te(0; o)
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

XER dx=4dt &> — {2

_ [ Subst. t=e* L, = _ dt
x=Int|t€(0;00)|(In t)/:%>0 tvVt2+t+1

Subst. u=1|te(0;00) [[2)=-L<0 VBt 1= /g + § + 1=

u

t=+ | u€(0;00) |dt=—% VITuF =141 b= S
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

XER dx=4dt &> — {2

_ [ Subst. t=e* I, _ . 4
x=Int|t€&(0; c0) (\nt)/:%>0 tvVE2rt+1
| Subst. u=1[te(0;00) |[AI'=-%<0 vm—v§+5A17V7@ B i
= A A :
tfl% u€ (0; 00) [dt=—% Vitu+? \//1+%+%ﬂ Nozzes: %@
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

Metoda substitucie

_ [ Subst. t=¢* |x€R dX:th,SQX:? . 4
x=Int|t€&(0; c0) (\nt)/:%>0 tvVt2+t+1
=1 ;0o0) | [2 L _ 111 Vit d
_[subst. u=3|te@oo) |Br=—k<o|vEriri=\/h+iv1=vEEE] [ &
= SR AR :
tfl% u€ (0; 00) [dt=—% Vitu+? \//1+%+%ﬂ Nozzes: %@
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

XER dx=4dt &> — {2

_ [ Subst. t=e* I, _ . 4
x=Int|t€&(0; c0) (\nt)’:%>0 tvVE2t+1
| Subst. u=1|te(0;00) |[AI=-%<0 vm—v§+5A17V7@ B i
N — rE— pR— - >
t=1|u€(0;00)|dt=—2% VIFut =141 3= %@
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [ Subst. t=¢* |x€R dX:th,SQX:? . 4
x=Int|t€&(0; c0) (\nt)’:%>0 tvVE2t+1
Subst. u=1|te(0;00) |[2)=-%<0 vm—v§+5A17V7@ i
= A A :
tfl% u€ (0; 00) [dt=—% Vitu+? \//1+%+%ﬂ Nozzes: %@
— [_—=du
Vitutu?
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [ Subst. t=¢* |x€R dX:th,SQX:? . 4
x=Int|t€&(0; c0) (\nt)/:%>0 tvVE2t+1
| Subst. u=1|te(0;00) |[AI=-%<0 vm—v§+5A17V7@ 7/_7%
= A A :
tfl% u€ (0; 00) [dt=—% Vitu+? \//1+%+%ﬂ Nozzes: %@

—_ —du du
Tutu? V(utiP+1-1
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t=¢*|x€R dx = de =] _ dt
x=Int|t€&(0; c0) (\nt)/:%>0 tvVt2+t+1
. Subst. u*% te(0;00) [[A)=-%<0 VtZAt+1,\//%+%A1,% - _:175
= I S :
t=11ue(0;00)|dt=—% VItutP=/1+1+% S %#
_ —du _ du __ | Subst. v:u+% 1+u+u2:v2+%1
1+u+u? V(utriy+1-1 du=dv|u € (0;00), v € (};00)
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t=¢*|x€R dx:itf,eQX:R _ dt
x=Int|t€(0;00)|(In t)/:%>0 tvVt2+t+1
| subst. u=}[te(0;i00) |[}I'=—%<0 VW7V%+%A17«T:H,: B _%
= I S -
tfl% u € (0; co) | dt 7% V1i+u+u? \/’1+%+L% # % 1+u”+“
_ —du _ du __ | Subst. v:u+% 1+u+u2:v2+%
1+u+u? \/(u+%)2+1—% du=dv|u € (0;00), v € (% o)
dv
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t=¢*|x€R dx:itf,eQX:R _ dt
x=Int|t€&(0; c0) (\nt)/:%>0 tvVt2+t+1
| subst. u=}[te(0;i00) |[}I'=—%<0 VW7V%+%A17«T:H,: B _%
= R -
t=11ue(0;00)|dt=—% VItutP=/1+1+% S %#
_ —du _ du __ | Subst. v:u+% 1+u+u2:v2+%1
Itutu? V(utriy+1-1 du=dv|u € (0;0), v € (4;0)
dv
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

Metoda substitucie

_ [Subst. t=e*|xeR dx=4t, &> = 2] _ dt
x=Int|t€&(0; c0) (\nt)/:%>0 tvVt2+t+1
|| S u=1|te(000) |[A=-2%<0 VtZAtJrlf\//%Jr5A1,»/1+F,,: 7/_7%
= R S _
t=1|u€(0;00)|dt=—% Vitut@=\[1+¢+% ME—=l %@

u

— —du — du _ Subst. v:u+%
1+u+u? \/(u+%)2+1—% du=dv

=— %4—% =—1In (v—i—,/vz—i-%) + a

1+u+u2:v +%
u € (0; 00), VE(% o)
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

dx
\/ e eX+1

o

dx=

toex — 2] 4
te(0;00) |(Int)=1>0 = | Ve

- Subst. u*% te(0;00) [[A)=-%<0 \/tZAtJrlf\/’%Jr%Alf% . —3—5
1 du T l'\/1+u+u2

t=1|ue(0;0) [dt=—% VItut?=y/1+}+5 el : =

u

— —du — du _ Subst. v=u+ %
1+u+u? \/(u+%)2+1_% du=dv
:—/ﬁ ——In (v /v2+3) +a=—In (st} +VIFTuTeR) + o

o {Subst. t=e*|[xeR

x=Int

1+utu® =2

¥
u € (0; 00), vE(l;rx;)

™l

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

Metoda substitucie

dx
\/ e eX+1

o

£ 2x _

XER dx=

e =27 dt
(nt)y=1>0 tvVt2+t+1
Subst. u=1|te(0;00) |[2)=-%<0 me\//ﬁiyiﬁ gy
- R P

I e =
tfl% u€ (0; o) [dt=—% Vitu+? \//1+%+%ﬂ Nozzes: 1 Viturs?

— —du — du _ Subst. v=u+ %
1+u+u? \/(u+%)2+1_% du=dv
:—/ﬁ ——In (v /v2+3) +a=—In (st} +VITuTeR) + o

o {Subst. t=eX

x=Int|te(0; o)

14+ u+ v =2

+32 ]
u € (0;00), VE(%:OC)
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

Metoda substitucie

dx
\/ e eX+1

o

dx=

toex — 2] 4
te(0;00) |(Int)=1>0 = | Ve

| Subst. u=1[te(0;00) |[AI'=-%<0 VBt I=/g +§ 1=Vt ] —%5
1 du 12 l'\/1+u+u2

t=1|ue(0;0) [dt=—% VItut?=y/1+}+5 el : =

— —du — du _ Subst. v=u+ %
1+u+u? \/(u+%)2+1_% du=dv
:—/ﬁ ——In (v /v2+3) +a=—In (st} +VIFTureR) + o

i () 1

o {Subst. t=e*|[xeR

x=Int

1+utu® =2

¥
u € (0; 00), vE(l;rx;)

™l
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

Metoda substitucie

_dx
__[Subst. t=e*|x€R dx=4t, &2 = 2] A
x=Int|t€&(0; c0) (\nt)/:%>0 t\/m

Subst. U*% t € (0; 00) [%],*’%<O \/mf\//%Jr :11 +1= \/Hu“iuj 7/ _?Tg
T | WV 2
t=1 u € (0; co) | dt 7% \/1+u+u2:‘/1+%+%:# PIVAL. - u.i-ud

u u u

— —du — du _ Subst. v=u+ %
1+u+u? \/(u+%)2+1_% du=dv
:—/ﬁ ——In (v /v2+3) +a=—In (st} +VITuTeR) + o

i () 1

1+u+u2:v2+%1
)

u € (0; 00), ve(%;
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

Metoda substitucie

dx
\/ e eX+1

o

dx=

toex — 2] 4
te(0;00) |(Int)=1>0 = | Ve

- Subst. u*% te(0;00) [[A)=-%<0 \/tZAtJrlf\/’%Jr%Alf% . —3—5
1 du T l'\/1+u+u2

t=1|ue(0;0) [dt=—% VItut?=y/1+}+5 el : =

u

— —du — du _ Subst. v=u+ %
1+u+u? \/(u+%)2+1_% du=dv
:—/ﬁ ——In (v /v2+3) +a=—In (st} +VIFTureR) + o

1,1 t24t41 2
— (;+§+7“f+)+61=—|nL YEEET |

o {Subst. t=e*|[xeR

x=Int

1+utu® =2

¥
u € (0; 00), vE(l;rx;)

™l
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

Metoda substitucie

dx
\/ e eX+1

o

dx=

toex — 2] 4
te(0;00) |(Int)=1>0 = | Ve

- Subst. u*% te(0;00) [[A)=-%<0 \/tZAtJrlf\/’%Jr%Alf% . —3—5
1 du T l'\/1+u+u2

t=1|ue(0;0) [dt=—% VItut?=y/1+}+5 el : =

u

— —du — du _ Subst. v=u+ %
1+u+u? \/(u+%)2+1_% du=dv
:—/ﬁ ——In (v /v2+3) +a=—In (st} +VIFTureR) + o

1,1 t24t41 2
— (;+§+7“f+)+61=—|nL YEEET |

o {Subst. t=e*|[xeR

x=Int

1+utu® =2

¥
u € (0; 00), vE(l;rx;)

™l

_ 2t
=In 24+ t+2v/ 2+ t+1 €l
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t=¢*|x€R dx:itf,eQX:R _ dt
x=Int|t€(0;00)|(Int)’=1>0 tVt2+t+1

|:5Ub5f- U*% te(0;00) [[A)=-%<0 VtZAt+1\/’u1,+iA1Wr:lu:| _
1

u€(0;00) [dt=— VIt uF = /1414 =Y

ue (0;00), ve(l;

— —du — du :|:Subst. v=u+ %
1+u+u? \/(u+%)2+1—% du=dv 5
o :_|n(v+\/@)+q:_m (u+1+VIiFutd) + o

_ In( +1 +vt2+f+)+c _In 24042¢PEET | )

"‘N

1+utu®=v243
o)

_ 2
=In 2+r+2\/W+C1 =In24+Int—In(2+t+2vVE2+t+1)+
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [ Subst. t=¢* |x€R dX:th,SQX:? . 4
x=Int|t€&(0; c0) (\nt)’:%>0 tvVE2t+1
| Subst. u=1|te(0;00) |[AI=-%<0 VW’V%+%‘1*% 7/_7%
= A A :
tfl% u€ (0; 00) [dt=—% Vitu+? \//1+%+%ﬂ Nozzes: %@

1+utu® =2

+ 2 ]
u € (0;00), VE(%:OC)

— —du — du _ Subst. v=u+ %
1+u+u? \/(u+%)2+1_% du=dv
o :_|n(v+\/@)+q:_m (u+1+VIiFutd) + o

1,1, Vt24t41 24 t42Vt2 41
=—1|n (?+§+#)+C1:_|n‘*‘+27t+++cl

=In 52—+ a =2+ Int—In (2+t+2VE2+t+1) + o

= {i;;;g;} =x—In(2+ e+ 2V e+ e+ 1)+ ¢, xER, cER.
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

o

_ [Subst. t=¢X|x€R dx=4t, &> = 2] _ dt
x=Int|t€(0;00)|(In t)/:%>0 tvVt2+t+1
- Subst. u*% t € (0; 00) [%]’7—%<O \/tZAtJrl,\//%Jr%Al,»/uuu—u—‘ / _:175
= I S .
tfl% u € (0; co) | dt 7% V1i+u+u? \/’1+%+L% 7V“f"1 %\/ltlﬁ

1+u+u2:v2+%1
u € (0; 00), VE(%;OC)

— —du — du _ Subst. v=u+ %
1+u+u? \/(u+%)2+1_% du=dv
o :_|n(v+\/@)+q:_m (u+1+VIiFutd) + o

1,1, Vt24t41 24 t42Vt2 41
=—1|n (?+§+#)+C1:_|n‘*‘+27t+++cl

=In 52—+ a =2+ Int—In (2+t+2VE2+t+1) + o

—[czasiz]—x—in@+ e+ 2/FTEF D)+, xeR ceR
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

o

__[Subst. t=e*|xeR dx=4t, &> = 2] _ dt
x=Int|t€(0;00)|(Int)’=1>0 tVt2+t+1
- Subst. u*% t € (0; 00) [%]’7—%<O \/tZAtJrl,\//%Jr%Al,»/uuu—u—‘ / _:175
= I S :
tfl% u € (0; co) | dt 7% V1i+u+u? \/’1+%+L% 7V“f"1 %\/ltlﬁ

1+u+u2:v2+%1
u € (0; 00), VE(%;OC)

— —du — du _ Subst. v=u+ %
1+u+u? \/(u+%)2+1_% du=dv
o :_|n(v+\/@)+q:_m (u+1+VIiFutd) + o

1,1, Vt24t41 24 t42Vt2 41
=—1|n (?+§+#)+C1:_|n‘*‘+27t+++cl

=In 52—+ a =2+ Int—In (2+t+2VE2+t+1) + o

—[czasiz] —x—in@+ e+ 2/FFEF D) +c, xeR ceR
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

S = x—In (2 + & 42Vt +1) + ¢

_ [ Subst. t=¢* |x€R dX:th,SQX:? . 4
x=Int|t€&(0; c0) (\nt)’:%>0 tvVE2t+1
| Subst. u=1|te(0;00) |[AI=-%<0 VW’V%+%‘1*% 7/_7%
= A A :
tfl% u€ (0; 00) [dt=—% Vitu+? \//1+%+%ﬂ Nozzes: %@

1+utu® =2

+ 2 ]
u € (0;00), VE(%:OC)

— —du — du _ Subst. v=u+ %
1+u+u? \/(u+%)2+1_% du=dv
o :_|n(v+\/@)+q:_m (u+1+VIiFutd) + o

1,1, Vit2+i+1 24 t4+2Vt24t+1
— _In (?+§+#)+C1:_|n++27t+++cl

=In 52—+ a =2+ Int—In (2+t+2VE2+t+1) + o
= {f:q ’ '"2} =x—In(2+ e+ 2V e+ e+ 1)+ ¢, xER, ceR.

ceER, cgER
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Integraly racionalnych funkcii

o Poditat integraly racionélnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.
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08 Intl Pr.l Pr.ll Int2 Pr.l Int3 Pr.l Pr.Il Pr.lll Pr.IV Pr.V

Integraly racionalnych funkcii

o Poditat integraly racionélnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

@ V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.
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Integraly racionalnych funkcii

o Poditat integraly racionélnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

@ V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

@ Rydzu raciondlnu funkciu (stuperi ¢itatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.
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Integraly racionalnych funkcii

o Poditat integraly racionélnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

@ V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

@ Rydzu raciondlnu funkciu (stuperi ¢itatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN
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08 Intl Pr.l Pr.ll Int2 Pr.l Int3 Pr.l Pr.Il Pr.lll Pr.IV Pr.V

Integraly racionalnych funkcii

o Poditat integraly racionélnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

@ V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

@ Rydzu raciondlnu funkciu (stuperi ¢itatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

X € (—o0; a)
t € (—o0;0)

Subst. t=x—a
dt = dx

x € (a; 00)
t € (0; co)
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Integraly racionalnych funkcii

o Poditat integraly racionélnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

@ V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

@ Rydzu raciondlnu funkciu (stuperi ¢itatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

X € (—o0; a)
t € (—o0;0)

Subst. t=x—a
dt = dx

x€(a;00) | __ dt
te(0;00) | t"
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Integraly racionalnych funkcii

o Poditat integraly racionélnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

@ V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

@ Rydzu raciondlnu funkciu (stuperi ¢itatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

X € (—o0; a)
t € (—o0;0)

Subst. t=x—a
dt = dx

xe(a;xq _ [dt

te(0;00) | t" =
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Integraly racionalnych funkcii

o Poditat integraly racionélnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

@ V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

@ Rydzu raciondlnu funkciu (stuperi ¢itatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

Subst. t=x—a|x€(—o0;a)
dt = dx | t€ (—o0;0)

llz/d—ttzln|t|+c

xe(a;xq _ [dt

te(0;00) | t" =
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Integraly racionalnych funkcii

o Poditat integraly racionélnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

@ V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

@ Rydzu raciondlnu funkciu (stuperi ¢itatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

X € (—o0; a)
t € (—o0;0)

Subst. t=x—a
dt = dx

xe(a;xq _ [dt

te(0;00) | t" =

h = /d—: =In|t|+c=In|x—a| + ¢, xeR—{a}, ceR, n=1.
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Integraly racionalnych funkcii

o Poditat integraly racionélnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

@ V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

@ Rydzu raciondlnu funkciu (stuperi ¢itatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

X € (—o0; a)
t € (—o0;0)

Subst. t=x—a
dt = dx

xe(a;xq _ [dt

te(0;00) | t" =

h = /d—: =In|t|+c=In|x—a| + ¢, xeR—{a}, ceR, n=1.

= /tf”dt
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Integraly racionalnych funkcii

o Poditat integraly racionélnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

@ V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

@ Rydzu raciondlnu funkciu (stuperi ¢itatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

X € (—o0; a)
t € (—o0;0)

Subst. t=x—a
dt = dx

xe(a;xq _ [dt

te(0;00) | t" =

h = /d—: =In|t|+c=In|x—a| + ¢, xeR—{a}, ceR, n=1.

_ _n _t7n+1
/nf/t dt=—7+c
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Integraly racionalnych funkcii

o Poditat integraly racionélnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

@ V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

@ Rydzu raciondlnu funkciu (stuperi ¢itatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

1—n
sy =0 e n=23..., h=In|x—al+c,  a€R, neN
_ | Subst. t=x—a|x&(—o0;a)|x€E(aioc0)| _ dt
_[ dt = dx | t € (—o0; 0) tC(O;rx;)} = [w =

h :/d—: =In|t|+c = In|x—a|+ ¢, xeR—{a}, ceR, n=1

g /t "de= 0 o= 90T 4o = g + e,
x€R—{a}, ceR, n=234,....
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Integraly racionalnych funkcii
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Integraly racionalnych funkcii

dx _ dx
| XP+HAx+4+1 T [ (x+2)%+1

Pr.l Int3

Pr.l Pr.ll Pr.lll Pr.IV Pr.V

dx
x2+4x+4 T

dx _ dx _ dx
x2+4x+3 — [ x2+4x+4—1 = [ (x+2)2-1
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Integraly racionalnych funkcii

dx _ dx _ dx
x2+4x+5 T | xX2>+4x+4+1 T [ (x+2)%+1
_ | Subst. t=x+2|x€R
- dt=dx|teR

dx _ dx
x2+4x+4 — [ (x+2)?

xeR—{—Q}}

dt=dx | te R—{0}

dx _ dx _ dx
x2+4x+3 — [ x2+4x+4—1 = [ (x+2)2-1

x€ER—{—1,— 3}
teR—{+1}

_ {Subst. t=x+2

__| Subst. t=x+2
dt=dx
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Integraly racionalnych funkcii

dx _ dx _ dx
x2+4x+5 T | xX2>+4x+4+1 T [ (x+2)%+1
XER| _ dt
teR 241
dx _ dx
x2+4x+4 — [ (x+2)?

__| Subst. t=x+2
dt=dx

__| Subst. t=x+2
dt=dx

xeR—{—2}] _ [dt _ [,—2
e R— {0} }_/tQ—/t dt

dx _ dx _ dx
x2+4x+3 — [ x2+4x+4—1 = [ (x+2)2-1
xER—{—1,—3}] _ dt
te R—{+£1} [ #=1

_ | Subst. t=x+2
dt=dx
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Integraly racionalnych funkcii

dx _ dx _ dx
X2+4x+5 [ X2+4x+4+1 T [ (x+2)2+1
_ | Subst. t=x+2|xER| __ dt
*{ dt=dx tER:|7 t2+1farctgt+c

. dx _ . dx
x2+4x+4 — [ (x+2)?
xER—{—2} -2 o
te R—{0} } /tQ—/t dt=1% 2+1+C

dx _ dx
x2+4x+4—1 — [ (x+2)2—

xeER—{-1,—-3}| _ dt 1
te R—{#1} }*/ttl ln’t+1|+c

Subst. t=x+2
dt=dx

__| Subst. t=x+2
dt=dx



mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

08 Intl Pr.l Pr.ll Int2 Pr.l Int3 Pr.l Pr.Il Pr.lll Pr.IlV Pr.V

Integraly racionalnych funkcii

dx _ dx _ dx
X2+4x+5 [ X2+4x+4+1 T [ (x+2)2+1
_ | Subst. t=x+2|xER| __ dt
*{ dt=dx tER:|7 t2+1farctgt+c

dx _ dx
x2+4x+4 — [ (x+2)?

Subst. t=x+2
dt=dx

x€R—{—2} -2 =& 1
te R—{0} } /tQ—/t dt=1% 2+1+ ;1 C

dx _ dx
x2+4x+4—1 — [ (x+2)2—-1

__| Subst. t=x+2|xeR—{—1, —3} | _ dt 1 _1 x+2—1
*{ teR—{+1} }*/ttl l”’t+1|+c l”’x+2+1|+c

dt=dx
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Integraly racionalnych funkci

. dx _ ‘ dx _ . dx _
/X2+4x+5 = /m = /m = arctg (x+2) + ¢

__| Subst. t=x+2
dt=dx

1| = [F=arctgt + c= arctg (x+2) + ¢, x€R, cER.

dx _ dx
x2+4x+4 — | (x+2)

__ | Subst. t=x+2|xeR—{—2} 2 4.t _ 1 1
_{ i /ﬁ_/t dt—72+1+c— t = — g3 t¢

dt=dx
dx _ dx _ dx =
x2+4x+3 — | xX2+4x+4—1 = [ (x+2)2-1

__| Subst. t=x+2|x€R—{—1, — 3} | _ dt 1 _ 1 +2—-1
*{ - dtidx :eR—{il} }* § ’t+1| +c= 7'” ’§+2+1| t+c
:%In]%|+c,xeRf{fl,73}, ceR.
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Integraly racionalnych funkcii
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Integraly racionalnych funkcii

— dx _ dx
- /x274x+4+2 - /(X,2)2+(\/§)2

_ dx _ dx
- /x2—4x+4—2 - /(x—2)2—(\/§)2
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Integraly racionalnych funkcii

x€ER
teR

— dx _ dx __ | Subst. t=x—2
x2—4x+4+2 (x—2)2+(v2)2 dt —dx

x€R—{2 £ V2}
teR—{+V2}

— dx — dx __| Subst. t=x—2
x2—4x+4—2 (x—22—(v2)2 dt—dx
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Integraly racionalnych funkcii

x€ER
teR

— dx — dx _ | Subst. t=x—2
x2—4x+4+2 (x—2)2+(v2)2 dt —dx

_ dt
et

x€R—{2 £ V2}
teR—{+V2}

_ dx _ dx _ | Subst. t=x—2
- x2—4x+4—2 (X_z)z_(\/g)z - dt—dx
— [__dt
— [ e—(vay
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Integraly racionalnych funkcii

x€ER
teR

— dx — dx _ | Subst. t=x—2
x2—4x+4+2 (x—2)2+(v2)2 dt —dx

_ dt
,/m Tarctg\[Jrc

teR—{+V2}

— dx _ Subst. t=x—2
x2—4x+4-2 = [ (x— 2)2 (f) dt=dx

= a1 |
2-(V2)  2v2

x€R— {2+\f}}

t+xf‘+c
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Integraly racionalnych funkcii

/ﬁfdﬁ = arctg (x+2) + ¢

— dx — dx _ | Subst. t=x—2
x2—4x+4+2 (x—2)2+(v2)2 dt —dx

x€ER
teR

d _
:‘/ﬁfﬁ)z:%arctg%Jrc:%arctgx\/; +c¢ XER, ceER.

— dx _ Subst. t=x—2
x2—4x+4-2 = [ (x— 2)2 (f) dt=dx

= a1 |
2-(V2)  2v2

x€R—{2 £ V2}
teR— {2}

H‘\f V2 x—2-+V2

x€R—{2+ 2}, ceRr.

‘—&—c——ln

rvtl
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Integraly racionalnych funkcii

a>0, nelN
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Integraly racionalnych funkcii

a>0, nelN

beerb@frcatel.fri.uniza. http://frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

08 Intl Pr.l Pr.ll Int2 Pr.l Int3 Pr.l Pr.Il Pr.lll Pr.IlV Pr.V

Integraly racionalnych funkcii

a>0, nelN
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Integraly racionalnych funkcii

a>0, nelN

_ 1 Pdx 1 [P+ dx 1 [ (P+a’)dx 1 x2 dx
— 32 (X2+32)" Y (X2+22)” - 32 (X2+32)" a2 (X2+32)”
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Integraly racionalnych funkcii

a>0, nelN

_ 1 Pdx 1 [P+ dx 1 [ (P+a’)dx 1 x2 dx
— 32 (X2+32)" Y (X2+22)” - 32 (X2+32)" a2 (X2+32)”

_ 1 dx _ 1 Xx-2x dx
=22 [ (P! 222 | (x2+a2)"
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Integraly racionalnych funkcii

a>0, nelN

_ 1 Pdx 1 [P+ dx 1 [ (P+a’)dx 1 x2 dx
— 32 (X2+32)" Y (X2+22)” - 32 (X2+32)" a2 (X2+32)”

_ 1 dx _ 1 [ x-2xdx u=x
=2 | Gerar) T 222 | (x@+a2) Vo= 2

(x®+a%)"

1—n .
V= T—n IS T !
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Integraly racionalnych funkcii

a>0, nelN

_ 1 Pdx 1 [P+ dx 1 [ (P+a’)dx 1 x2 dx
— 32 (X2+32)" Y (X2+22)” - 32 (X2+32)" a2 (X2+32)”

_ 1 dx 1 [ x2xdx __|Y =X
=2 | Gerar) T 222 | (@ra?) | = 2

(x®+a%)"

1—n .
V= T—n IS T !

1y 1 x 1 [ _dx
—2Ih-1 222 | (I—n)(x2+a?)" 1L 1—n | (x2+a%)" 1
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Integraly racionalnych funkcii

a>0, nelN

_ 1 Pdx 1 [P+ dx 1 [ (P+a’)dx 1 x2 dx
— 32 (X2+32)" Y (X2+22)” - 32 (X2+32)" a2 (X2+32)”

_ 1 dx 1 x2xdx __|Y =X u'= 1( 2, 2yimn
= 2 n— n— x x“+a
a (x2+a2)n-1 222 [ (x2+a2) . (XZZ}QQ)H v = — = (1—n)(x21+32)"71
1y 1 x 1 [ _dx
—2Ih-1 222 | (I—n)(x2+a?)" 1L 1—n | (x2+a%)" 1

_ 1 X 1
- ?/”_1 T 2a2(1—n)(x2+a2)n1 + 2a%(1—n) In—1
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Integraly racionalnych funkcii

a>0, nelN

_ 1 Pdx 1 [P+ dx 1 [ (P+a’)dx 1 x2 dx
— 32 (X2+32)" Y (X2+22)” - 32 (X2+32)" a2 (X2+32)”

_ 1 dx 1 x2xdx __|Y =X u'= 1( 2, 2yimn
= 2 n— n— x x“+a
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_ dx _ 1 X X
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g1+ @[W - E/W}

1 X 1
— 21 + spanyte=2yT — 2=y It
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/)<4Jr2><3+)<2 dx

_ —2x3+1 _ X B
- /XQ(X2+2->"<_+1) dx = /x2(2x+_;;2 dx /[%+?+XLH+ (x+1)2 :| dx

—2x3 +0x2 +0x + 1 —2=a+~|0=2a+8+y+6|0=a+28]1=8
_ = ax(x+1)? 4+ B(x+1)? + yx?(x+1) + 6x° y=—a—2 [0=2a+1+v+6 |a=—28 |B=1
_ *u(x3+2x2+x)+ﬂ(x2A2x+1)A’}(x3+x2)+5x2 ~=0 0=—4+14+04+6 |a=—-2
=(a+7)x3 + Qa+B+y+8)x> + (a+2B)x + B §=3

:/[ +52 51+ oy ]dx—/[—2§+x—2+3(x+1)‘2 dx

— —=2aF1
—21In |x|+i22; +3% +c
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=241 _ _,_i
/4+2X3+X_dx— 21n |x| =i tT¢
_ —2x3+1 _ 2x>+1
- /XQ(X2+2X+1) dx = \/x2(><+1)2 dx + +x+1+ (><+1) dx
—2x3 +0x2 +0x + 1 —2=a+~vy|0=2a+8+y+5|0=a+28]|1=0
_ = ax(x+1)? 4+ B(x+1)? + yx?(x+1) + 6x° y=—a—2 [0=2a+1+v+6 |a=—28 |B=1
*u(x3+2x2+x)+ﬂ(x2A2x+1)A’}(x3+x2)+5x2 ~=0 0=—4+14+04+6 |a=—-2
=(a+7)x3 + 2o+ B+v+8)x* + (a+28)x + B 6=3
_ _ _nl -2 -2
_/{ —|— —|—X+1—|—X+1 }dx /{ 2 +x7°43(x+1)7%| dx
_ X2 o (x ) 2
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Integraly racionalnych funkcii

=241 _ _,_i
/4+2X3+X_dx— 21n |x| =i tT¢
_ —2x3+1 _ 2x>+1
- /XQ(X2+2X+1) dx = \/x2(><+1)2 dx + +x+1+ (><+1) dx
—2x3 +0x2 +0x + 1 —2=a+~vy|0=2a+8+y+5|0=a+28]|1=0
_ = ax(x+1)? 4+ B(x+1)? + yx?(x+1) + 6x° y=—a—2 [0=2a+1+v+6 |a=—28 |B=1
*u(x3+2x2+x)+ﬂ(x2A2x+1) A’}(x3+x2)+5x2 ~=0 0=—4+14+04+6 |a=—-2
=(a+7)x3 + 2o+ B+v+8)x* + (a+28)x + B 6=3
— /{ —|— —|—X+1—|— X+1 } dx = /{—2%—|—X_2—|—3(X—|—1)_2 dx
_ X2 o (x ) 2
— 2_[1, 3
- Inx [x +x+1} +c
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_=2x"4+1 _ _,_i
/4+2X3+X_dx— 21n |x| =i tT¢
_ —2x3+1 _ 2x>+1
- /XQ(X2+2X+1) dx = \/x2(><+1)2 dx + +x+1+ (><+1) dx
—2x3 +0x2 +0x + 1 —2=a+~vy|0=2a+8+y+5|0=a+28]|1=0
_ = ax(x+1)? 4+ B(x+1)? + yx?(x+1) + 6x° y=—a—2 [0=2a+1+v+6 |a=—28 |B=1
*u(x3+2x2+x)+ﬂ(x2A2x+1)A’}(x3+x2)+5x2 ~=0 0=—4+14+04+6 |a=—-2
=(a+7)x3 + 2o+ B+v+8)x* + (a+28)x + B 6=3
= /{ —|— —|—X+1—|— X+1 } dx = /{—2%—|—X_2—|—3(X—|—1)_2 dx
_ X2 o (x ) 2
_ 2_[1 _ 2 x+143x
=—lInx [X—l—xﬂ}—l—c —Inx o) T €
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—2x°+1 _ 4x+1 2
/4+2X3+X_dx— 2In |x| —|—c_x+ —Inx“+c
_ —2x341 _ [ =2x3+1
- /XQ(X2+2X+1) dx = \/x2(><+1)2 dx = + +x+1+ (><+1) dx
—2x3 +0x2 +0x + 1 —2=a+~vy|0=2a+8+y+5|0=a+28]|1=0
_ = ax(x+1)? 4+ B(x+1)? + yx?(x+1) + 6x° y=—a—2 [0=2a+1+v+6 |a=—28 |B=1
*u(x3+2x2+x)+ﬂ(x2A2x+1)A’}(x3+x2)+5x2 ~=0 0=—4+14+04+6 |a=—-2
7(o¢+'\,)x3+(2&+ﬁ+ﬂ/+é)x2+(a+2§)><-3 §=3
— /{ —|— —|—X+1—|— X+1 } dx = /{—2%—|—X_2—|—3(X—|—1)_2 dx
—2+1 (x+1)~2*
— X Ery)) _ I -
= 2In|x|+55+3 5 —|—c— 2In|x| X+1—|—C
= 2_[1 2 _ x+143x
In x [X—l—xﬂ}—i—cf In x o) T €
= iﬁj —Inx?+c, xeR—-{0, -1}, ceR.
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o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.
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o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.

@ Mnohé sa daji . racionalizovat,
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Integraly iracionalnych funkcii |

o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.
@ Mnohé sa dajl «v. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.
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Integraly iracionalnych funkcii |
o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.

@ Mnohé sa daji . racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f( dxx—jb) dx,® abd.ecR, ae—bd #0, neN.
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o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.

@ Mnohé sa daji . racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f( dxx—jb) dx,® abd.ecR, ae—bd #0, neN.

an 2 3 __ nf/ax+b
Substitticia t = \ e
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Integraly iracionalnych funkcii |

o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.

@ Mnohé sa daji . racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f( dxx—jb) dx,® abd.ecR, ae—bd #0, neN.
Substiticia t = ¢/ 242, 7 = 24

__ ax+b
th = dx+e
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Integraly iracionalnych funkcii |
o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.

@ Mnohé sa daji . racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f( dxx—jb) dx,® abd.ecR, ae—bd #0, neN.
Substiticia t = ¢/ 242, 7 = 24

t" =240 = t"(dx+e)=ax+b = dxt"+et"=ax+b
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Integraly iracionalnych funkcii |

o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.

@ Mnohé sa daji . racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f( dxx—jb) dx,® abd.ecR, ae—bd #0, neN.

A __ n/ax+b . 4n __ ax+b
Substitticia t = A e v BT =552,

t" =240 = t"(dx+e)=ax+b = dxt"+et"=ax+b

= dxt"—ax=b—et" = (dt"—a)x =b —et"
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Integraly iracionalnych funkcii |
o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.

@ Mnohé sa daji . racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f( dxx—jb) dx,® abd.ecR, ae—bd #0, neN.

A __ nfax+b o 4n __ ax+b _ b—et"
Substiticia t = (/£E2, v t" = 32, x = &Z55,

t=24b = t"(dx+e)=ax+b = dxt"+et"=ax+b
= dxt"—ax=b—et" = (dt"—a)x=b—et" => x =Lz

dt"—a-
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Integraly iracionalnych funkcii |

o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.

@ Mnohé sa daji . racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f( dxx—jb) dx,® abd.ecR, ae—bd #0, neN.
Substitiicia t = ¢/ 248\ 7= 2B — Lot

t" =240 = t"(dx+e)=ax+b = dxt"+et"=ax+b
b—et"

= dxt" —ax=b—et" = (dt"—a)x=b—et" = x= 7.
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o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.

@ Mnohé sa daji . racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f( dxx—jb) dx,® abd.ecR, ae—bd #0, neN.
s _ n/ax+b . wn __ ax+b __ b—et"
Substitticia t = Ve vi T =512 x=gm5,

t" =240 = t"(dx+e)=ax+b = dxt"+et"=ax+b
b—et"

= dxt" —ax=b—et" = (dt"—a)x=b—et" = x= 7.

_ [b=et"]" g4 — (0—net""*)(dt"—a)—(b—et")(ndt"~*—0)
dx = [We—ta] dt = < (datn_a)2 dt

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

Integraly iracionalnych funkcii |

o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.

@ Mnohé sa daji . racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f( dxx—jb) dx,® abd.ecR, ae—bd #0, neN.
s _ n/ax+b . wn __ ax+b __ b—et"
Substitticia t = Ve vi T =512 x=gm5,

t" =240 = t"(dx+e)=ax+b = dxt"+et"=ax+b
b—et"

= dxt" —ax=b—et" = (dt"—a)x=b—et" = x= 7.

_ [b=et"]" g4 — (0—net""*)(dt"—a)—(b—et")(ndt"~*—0)
dx = [We—ta] dt = < (datn_a)2 dt
2n—1

__ —ndet*" "4 naet" "' —nbdt" "1+ ndet dt
- (dtn—a)?
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o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.

@ Mnohé sa daji . racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f( dxx—jb) dx,® abd.ecR, ae—bd #0, neN.

Rt = _ n/axtb . in _ ax+b _ b—et" _ nt""*(ae—bd)
Substiticia t = (/§F2, v t" = 32, x= @5, dx= e dt.

t" =240 = t"(dx+e)=ax+b = dxt"+et"=ax+b
b—et"

= dxt" —ax=b—et" = (dt"—a)x=b—et" = x= 7.

A = [bfet”]’dt _ (0—net"")(dt"—a)—(b—et")(ndt" ' ~0) dt

dt"—a (dt"—a)?
__ —ndet>" "' 4 naet" "' —nbdt" '+ ndet®>" ! dt = nt"(ae—bd) dt
= (G —2) = “(dr—ap :
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o Pocitat integraly iracionalnych funkcif je vacSinou zlozité.

@ Mnohé sa daji . racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f( dxx—jb) dx,® abd.ecR, ae—bd #0, neN.

Rt = _ n/axtb . in _ ax+b _ b—et" _ nt""*(ae—bd)
Substiticia t = (/§F2, v t" = 32, x= @5, dx= e dt.

t" =240 = t"(dx+e)=ax+b = dxt"+et"=ax+b
b—et"

= dxt" —ax=b—et" = (dt"—a)x=b—et" = x= 7.

A = [bfet”]’dt _ (0—net"")(dt"—a)—(b—et")(ndt" ' ~0) dt

dt"—a (dt"—a)?
__ —ndet>" "' 4 naet" "' —nbdt" '+ ndet®>" ! dt = nt"(ae—bd) dt
= (G —2) = “(dr—ap :
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x>0,1—-x>0 & 0<x,x<1,tj x€(0;1)

! x€(0;1)UB = xe(0;1)
x<0,1-x<0 & 0>x,x>1,t.jxe€0

:{x—xzfx(l—x)>0 {
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x>0,1—-x>0 & 0<x,x<1,tj x€(0;1)

! x€(0;1)UB = xe(0;1)
x<0,1-x<0 & 0>x,x>1,t.jxe€0

:{x—xzfx(l—x)>0 {

_ / 2 dx
- x(1—x)
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x>0,1—-x>0 & 0<x,x<1,tj x€(0;1)

! x€(0;1)UB = xe(0;1)
x<0,1-x<0 & 0>x,x>1,t.jxe€0

:{x—xzfx(l—x)>0 {

1—x 1—x
— dx = dx

- \/x(lfx) - \/le%

1) —dt
_[subst. [t=1 |xe@1) | _ [Q=8)=
X:% dxzf% te(1;00) % %,%2
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Integraly iracionalnych funkcii |

x>0,1—-x>0 & 0<x,x<1,tj x€(0;1) xE@O:1)UD = xe(0;1)

= x—xzfx(l—x)>0{
x<0,1-x<0 & 0>x,x>1,t.j.x€0

1—x 1—x 1—x
dx = dx — dx

I RYCCE I RV = Ve

_ fa=ng [t

x€(0;1) _ _
te(l;x)} %\/%,%2 £2 /t:Tl

_{Subst

—1
Xﬁr

http://frcatel.fri.uniza.sk/ beerb
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x>0,1—-x>0 & 0<x,x<1,tj x€(0;1)
x<0,1-x<0 & 0>x,x>1,t.j.x€0

:{xfxzfx(lfx)>0{ xE(0;1)UD = xE(O,l):|

1— 1— 1—
_ — dx _ —= dx _ — dx _[Subst. |t=/E=y/E-1] =1 | 2x=1-x
1— 1 - _ _
Vx(1—x) Vx2 s xy/2X | k=l | dx= 2 x€(0:1) | te(L; 00)
1y —dt 1
_{Subst t=1 Xe(o;1)}_ -7  [-Fdt _ [(t—1)dt
o —_dt : | /i1 [i—1 | 2 =
x=% |dx % te(l;00) ?\/?,?2 2 = L Vt—1
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x>0,1—-x>0 & 0<x,x<1,tj x€(0;1)
x<0,1-x<0 & 0>x,x>1,t.j.x€0

:{x—xzfx(l—x)>0 {

xe(0;1)Ud = xE(O,l):|

/

1— 1— 1—
= XX g = XX dx = XXdX = Shffs? t:\/lTX:\/% i t2:1><x
1— 1—. - _
V/x(1—x) VX xy/2X | k=l | dx= 2 xe(0;1)

2 —2tdt

_/ (+e22

- _1_
1+£2 6

t’x=1—x
te(1;00)

—d —
_{Subst t=1  |xe(0;1) } A== [—t=de [(e—1)de _ [ E=1dt
— — — =& =
x=1 |dx=-%|te(L;00) %\/%7%2 t%/—t:; Svi-1 t
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Integraly iracionalnych funkcii |

1— j. g
— x—xzfx(l—x)>0{x>0' x>0 & 0<x,x<1 t j x€(0;1) xE@O:1)UD = xe(0;1)
x<0,1-x<0 & 0>x,x>1,tjx€0

1— 1— 1—
_ — dx _ —= dx _ — dx __| Subst r:\ﬂTX:\,/% 1|2=1x | 2x=1-x
= = = =
Vx(1—x) Vx2 s xy/2X | k=l | dx= 2 xe(0;1) | te(1; 00)

(2 =2tdt
_ 22 _ [ =2¢%dt
1+1r2 6 1ot

1y —dt —
fsubst [t=2  |xe@n ]_ [A=f)7 [ =Edt _ [@=1)dt __ [yi=1dt
=t lamtlecoi| T TS T e/ RE T SR
— | Subst u:wt—l:«/%—l t>1
t=1+u?|dt=2udu u>0
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Integraly iracionalnych funkcii |

Pr 1l Pr.lll

Pr.IV Pr.IV Pr.IV

:{x—xzfx(l—x)>0 {

1— .
x>0 X>0<:>0<X,X<1,tJ.XE(0,1) xE@O:1)UD = xe(0;1)
x<0,1—-x<0 & 0>x,x>1,tj.x€0
1— 1— 1— o
XdX TXdX _ XXdX __| Subst t:v?:\//% 12=1x | 2x=1-x
T—x —x =
\/xl X Vx2 s xy/2X | k=l | dx= 2 x€(0;1) | te(Lio0)
t2 —2tdt
_/ 1+12)? _/—2t2dt
- T 1+¢2
et i
1 —1
_[subst. [t=1 |xe(0:1) —1) -t dt _ [(e=1)dt
T x=1 |dx=—% ; T
¢ t t 2
— | Subst u=+t-1=
t=1+u?|dt=2udu

_ [ t=1dt
— 2 - t

2., /‘t2 L Vt—1

t>1 u-2udu

>0 142
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Integraly iracionalnych funkcii |

x>0,1—-x>0 < 0<x, x<1L,t j xe(0;1) X1 U0 = xe(0 1)}

= x—xzfx(l—x)>0{
x<0,1-x<0 & 0>x,x>1,t.j.x€0

1— 1— [ o
== dx XXdX __| Subst t:\/lTX:\//% 12=1x | 2x=1-x
e | dx (ﬁi"f x€(0;1) | te(1;00)

lxdx - .
NEE R BV 2= V=

t2 —2tdt 5
_ P _ [ =2£dt _ o [(I=t—1)dt
- T 1+82 142

t
142

—d
_{Subst t=1 x€(0;1) } _ (17% ; / 1 dt (t 1) dt /\/ 1dt
T x=1 T o) | T
x=1 |dx= t€(1;00) %\/% ;2 / t2
—|Subst. |u=v/t :\,'1;71 t>1| — _ [u-2udu -2 (1—u? *1)d’-’
t=1+u?|dt=2udu u>0 1+u? I4u?
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Integraly iracionalnych funkcii |

— X7X27X(17X)>0{x>0 1-x>0 & 0<x,x<1,tj x€(0;1) xE@O:1)UD = xe(0;1)
x<0,1-x<0 & 0>x,x>1,t ). x€0

L dx xXdx [ ZXdx [subst r:\/gz\,/; 2=1% | 2y —1—x
\/x = x) Vx2 s xy/ =X Tl | dx= 2t xe(0;1) | te(1; 00)
2 —2tdt
t 2 2
_ 22 _ [ —2¢3dt _ o [(A=t’—1)dt 1 _
*/ L */ 1+4¢2 *2/ 1+4¢2 =2 (1+t2 1)dt
i
—d
{Subst t=1  |xe(0;1) } _ - rdr (t 1) dt /\/ 1dt
=|>" 5 9 || =
x=1 |dx=-9%|te(L;00) %\/% ;2 /t2
—|Subst. |u=vt :\,'1;71 e>1| = fu2udu__o (1—u 71)du _9 1)du
t=14uv?|dt=2udu u>0 1+u? I4u? (1+u2 )
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Integraly iracionalnych funkcii |

— X7X27X(17X)>0{x>0 1-x>0 & 0<x,x<1,tj x€(0;1) xE@O:1)UD = xe(0;1)
x<0,1-x<0 & 0>x,x>1,t ). x€0

L dx Xdx X dx [ subst r:\/gz\,/; 2=1% | 2y —1—x
\/x = x) Vx2 s xy/ =X Tl | dx= 2t xe(0;1) | te(1; 00)
2 —2tdt
t 2 2
_ 122 [ —2t2dt _ (1—t"=1)dt __ 1
*/ l%t */ 1+¢t2 *2/ 1+¢2 =2 (1+t2 1)dt
+t
=2(arctgt —t)+ ¢
—d
{Subst t=1  |xe(0;1) } _ - rdr (t 1) dt /\/ 1dt
! — _dt sl T
x=1 |dx=-9%|te(L;00) %\/% ;2 /t2
—|Subst. |u=vt :\,'1;71 e>1| = fu2udu__o (1—u 71)du _9 1)du
t=14uv?|dt=2udu u>0 1+u? I4u? (1+u2 )

=2(arctgu —u)+c
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Integraly iracionalnych funkcii |

:{X7X27X(17X)>0{x>0,17><>0 o 0<x,x<1,tj xe(0;1)

’ x€(0;1) U0 = x€(0;1)
x<0,1-x<0 & 0>x,x>1,t.jxe€0

/ —= dx / —dx X dx [ subst rf\/zz\/{ 1|2=1x | 2x=1-x
T—x T—x _ / _ _
\/x 1—x) \/x2 x xy/ == X=1ip | dX= Ty x€(0;1) | te(1;00)

2 —2tdt
_ 1+t2)2 _ [ —2t?dt __ (1-t*=1)dt __ 1
*/ tht */ 1+¢2 *2/ 142 2/(1+t2 - 1)dt

=2(arctgt — t)+c:2arctg,/1’TX -2/ + ¢, x€(0;1), ceR.

—d _
_{Subst t x€(0;1) } (1- =T (t 1) dt /«/ 1dt
—|e= — _dt o535 [t—1
x=1 |dx= rﬁ te(1;00) \/,,7 2 171
__| Subst u=vi—I=/1-1|t>1] _ u-2udu __ (1—u 71)du
- e = = —2/(, —1)du
t=14uv?|dt=2udu u>0} /1+u2 I4u? ( 1+u? )

2(arctgu — u) + c=2arctg /1 -1 -2,/ —1+c, x€(0;1), ceR.
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dx
/x+1+ Ix+1
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Integraly iracionalnych funkcii |

dx
/x+1+ Ix+1

__ | Subst. t=xF1 | VxF+1= (\6/>< F1)3 =3 | xe(=1; 00)
O=x+1[6t2dt=dx | I/x+1=(Ix+1)°=t>|te(0;00)
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dx
/x+1+ Ix+1

_[subst. |t=¥xF1|Vx+i=(IxF1)3=1|xe(-100)] _ [6t°dt
O=x+1[6t2dt=dx | I/x+1=(Ix+1)°=t>|te(0;00) t34¢2
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Integraly iracionalnych funkcii |

dx
/x+1+ Ix+1

__[Subst. t=xF1 |VxFil=(Ix+1)P =3 |xe(-1,00)] _ 6t5dt_6 £ dt
O =x+1|65dt=dx| Ix+1=(Ix+1)2=1t?|te(0;00) t34¢2 t+1
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Integraly iracionalnych funkcii |

dx
/x+1+ Ix+1

__[Subst. t=xF1 |VxFil=(Ix+1)P =3 |xe(-1,00)] _ 6t5dt_6 £ dt
O =x+1|65dt=dx| Ix+1=(Ix+1)2=1t?|te(0;00) t34¢2 t+1

" gl 2 2
_ Pt —t —tt4+1-1
_6/ t+1 dt

u=t+1=¥xF1+1

dt=du

— | Subst.
t=u—1

t € (0; 00)
u € (1; 00)
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Integraly iracionalnych funkcii |

dx
/x+1+ Ix+1

__[Subst. t=xF1 |VxFil=(Ix+1)P =3 |xe(-1,00)] _ 6t5dt_6 £ dt
O =x+1|65dt=dx| Ix+1=(Ix+1)2=1t?|te(0;00) t34¢2 t+1

" 3 2 2 3
_ O4t’—t —tt4+1-1 g, 411
_6/ t+1 dt—6/ t+1 dt

u=t+1=YxF1+1

dt=du

— | Subst.
t=u—1

te(ooo) | g [Lu=L)’du
u € (1; 00) u
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Integraly iracionalnych funkcii |

dx
/x+1+ Ix+1

__[Subst. t=xF1 |VxFil=(Ix+1)P =3 |xe(-1,00)] _ 6t5dt_6 £ dt
O =x+1|65dt=dx| Ix+1=(Ix+1)2=1t?|te(0;00) t3+¢2 t+1

_ 3.2 2 1—1 4, P =1 g I
_6/%&—6/%‘“—6/@2*t+1*rT1)dt

u=t+1=YxF1+1
dt=du

— | Subst.
t=u—1

t e (0; o0) =6 (U—l)BdU =6 u373u2+3u71du
u € (1; 00) u u
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Integraly iracionalnych funkcii |

dx
/x+1+ Ix+1

__[Subst. t=xF1 |VxFil=(Ix+1)P =3 |xe(-1,00)] _ 6t5dt_6 £ dt
O =x+1|65dt=dx| Ix+1=(Ix+1)2=1t?|te(0;00) t3+¢2 t+1

"3 BB _ 341
:6/£il—%ﬁiﬁLidt:6/l{%idt:§/@2—t+1_7;h)dt
6

—Z i t—Int+1) +c

I
—
W,

u=t+1=YxF1+1
dt=du

:6/(u2—3u+3—%) du

— | Subst.
t=u—1

t e (0; o0) =6 (U—l)BdU =6 u373u2+3u71du
u € (1; 00) u u
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Integraly iracionalnych funkcii |

dx
/x+1+ Ix+1

__[Subst. t=xF1 |VxFil=(Ix+1)P =3 |xe(-1,00)] _ 6t5dt_6 £ dt
O =x+1|65dt=dx| Ix+1=(Ix+1)2=1t?|te(0;00) t3+¢2 t+1

"3 BB _ 341
:6/—t = 1dt:6/f H dt:6/(t2 —t+1-—)de
6

— 2 t—In|t+1)+c=22 32+ 6t —6In(t+1)+¢

I
—
W],

u=t+1=YxF1+1
dt=du

— | Subst.
t=u—1

t e (0; o0) =6 (U—l)BdU =6 u373u2+3u71du
u € (1; 00) u u

:6/(u2—3u+3—%) du :6(“?3—¥+3u—ln lul)+c
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Integraly iracionalnych funkcii |

/ﬁ:2x+ —3YxTI14+6¢xT1—6In(YxFtI+1)+c

__[Subst. t=xF1 |VxFil=(Ix+1)P =3 |xe(-1,00)] _ 6t5dt_6 £ dt
O =x+1|65dt=dx| Ix+1=(Ix+1)2=1t?|te(0;00) t3+¢2 t+1

:6/—”“241;;“*1*1 dt:6/7f3j+1;1 dt:6/(t2 —t+1- ) de

—6(L — L 4t —Injt+1]) +c=2t3—32+6t—6In(t+1)+c
=2Vx+1—=3Vx+1+6Vx+1—6In(Vx+1+1) +c, xe(—1;0), ceR.

t e (0; o0) =6 (U—l)BdU =6 u373u2+3u71du
u € (1; 00) u u

:6/(u2—3u+3—%) du :6(“?3—£+3u—|n lul)+c
=2(Vx+1+1)3 —9(Vx+1+1)2+ (Vx+1+1) —6In(¥x+1+1) +c,

x€(—1;00), ceR.

u=t+1=YxF1+1
dt=du

— | Subst.
t=u—1
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/( =1 gx

_ {Subst, t=¥/x Vx=(¥x)3=43 x € (0; o0)
O =x |65 dt=dx | Vx2=(¥x)? :(%)4:4 te(0; o)
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/( =1 gx

_ Subst. | t=¥x Vx=(¥x)3=43 x € (0; 00) _ (t6—1)6t5dt
S—x |65 de—dx | V2= () :(fy;)“: 4| t € (0; 00) (B+t%)e
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/( =1 gx

_ [subst. [t=9x | vx=(Ix)P=¢ x€(0:00)] _ (t6—1)6t5dt_6 (t°—1)dt
O =x |65 dt=dx | Vx2=(¥x)? :(\6/2)4: 4| t e (0; 00) (B+tHes — th+t°
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/( =1 gx

_ [subst. [t=8&x |x=(¥x)3=£ x€(0;00)] _ (t6—1)6t5dt_6 (t°—1)dt
O =x |6t5dt=dx | Vx2=(¥x)2=(Ix)*=t*| t€(0; 00) (83+t%)t° th+t°
R ) Cot0-1

o ozklad na parciélne zlomky R

beerb@frcatel.fri http://frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

09

Integraly iracionalnych funkcii |

Intl Pr.l Pr.ll Pr.lll Pr.IV Pr.IV Pr.IV

_ [subst. [t=8&x |x=(¥x)3=£ x€(0;00)] _ (t6—1)6t5dt_6 (t°—1)dt
t=x | 6t5dt=dx \/3x2:(\3/;)2:(\6/;)4:t4 t € (0; co) (B3+t4)t° 45
» e R e R A
- Rozklad na parcialne zlomky: e e
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_ [subst. [t=8&x |x=(¥x)3=£ x€(0;00)] _ (t6—1)6t5dt_6 (t°—1)dt
t=x | 6t5dt=dx \3/x72:(\3/§)2:(\6/;)4:t4 t € (0; co) (t3+t4)ts th+t°
oz B e =il _ (tz—l)(zz—l)
_ Rozklad na parcialne zlomky: e T E— t—1+ 5l t—1+ W
C 4 (=D(ED(ER4)
—1 4 = T
t*(t+1)
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_ [subst. [t=8&x |x=(¥x)3=£ x€(0;00)] _ (t6—1)6t5dt_6 (t°—1)dt
O =x |6t5dt=dx | Vx2=(¥x)2=(Ix)*=t*| t€(0; 00) (t3+t4)ts th+t°
6 6,,5_,5_ 4,4 4 2 2
Rozkl il lomky: L=l _ 24—t 1 -1 _ . (t°—1)(t°+1)
_ ozklad na parcidlne zomzy R 71;3“4 t—1+ 5o t—1+ T
U () [ ) NPT (e [ ) N S_?1t—1
t—1 7r4(r+1) t—1 e =1l qF o
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Pr.ll Pr.lll Pr.IV Pr.IV Pr.IV

_ [subst. [t=8&x |x=(¥x)3=£ x€(0;00)] _ (t6—1)6t5dt_6 (t°—1)dt
- - 3 4)¢6 T 4 5
5 —x |65 de—dx | V2= (x> =(Fx)* =t*| t € (0; o0) (B+t%)e it
oz B e =il _ (tz—l)(zz—l)
_ Rozklad na parcialne Zlom:y R [§+[4 t—1+4 5o =1l 4k W
e aa (t=1)(t+1)(t°+1) _ 4 (t—=1)(t°+1) _ _ 3 rQ\r 1 _ ., 4, 1_ 1,1 _ 1
t—1 e t—1 5 t—1+ = =il 4 f =ty =
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Intl Pr.|

Pr.1l Pr.lll

Pr

IV Pr.IV Pr.IV

_ [subst. [t=8&x |x=(¥x)3=£ x€(0;00)] _ (t6—1)6t5dt_6 (t°—1)dt
- - 3 4)¢6 T 4 5
5 —x |65 de—dx | V2= (x> =(Fx)* =t*| t € (0; o0) (B+t%)e it
oz B e =il _ (tz—l)(zz—l)
_ Rozklad na parcialne Zlom:y R [§+[4 t—1+4 5o =1l 4k W
e aa (t=1)(t+1)(t°+1) _ 4 (t—=1)(t°+1) _ _ 3 rQ\r 1 _ ., 4, 1_ 1,1 _ 1
t—1 e t—1 5 t—1+ = =il 4 f =ty =

:6/(t—1+%—t%+

1
3

1
7

~+

) dt
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Integraly iracionalnych funkcii |

_ [subst. [t=8&x |x=(¥x)3=£ x€(0;00)] _ (t6—1)6t5dt_6 (t°—1)dt
O =x |6t5dt=dx | Vx2=(¥x)2=(Ix)*=t*| t€(0; 00) (t3+t4)ts th+t°
6 6,,5_,5_ 4,4 4 2 2
Rozkl il lomky: L=l _ 24—t 1 -1 _ . (t°—1)(t°+1)
_ ozklad na parcidlne zomzy R 71;3“4 t—1+ 5o t—1+ T
e aa (t=1)(t+1)(t°+1) _ 4 (t—=1)(t°+1) _ _ 3¢ | S T | RN [ R N
t—1 — Ty t—1 @ t—1+ o3 t—lti—5tr—

:6/(t—1+%—t%+t%—%)dt :6/(t—1+%—t—2+t—3—t—4)dt
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Integraly iracionalnych funkcii |

_ [subst. [t=8&x |x=(¥x)3=£ x€(0;00)] _ (t6—1)6t5dt_6 (t°—1)dt
S =x | 665 det=dx | Vx2 = (Ix)? = (¥x)* =t*| t € (0; o0) (GEERINE tH 1o
» 6_1 6,5 _(5_ALA g 4_, 2 _1y(1241
_ Rozklad na parciélne zlomky: :5+L4 = % =t—1+ ;5+[4 —t—1+ (& 14(3(4:1) )
g E=DEDE L (=) B_2he 1 11,1 1
G=1l t4(t+1) t—1 s t—1+ 2 tfl‘;*fergf[j
— _ i_ 1,1 _ 1 — _ 1_ -2 =3 _ o=4
_6/(t 1+1-%+3% t4)dt—6/(t 1+ —t24t3—t7%)dt

2

—6(L —t+hft| - S+ + 2 4c
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Integraly iracionalnych funkcii |

_ [subst. [t=8&x |x=(¥x)3=£ xe(0o0)] _ [ (t°—1)6t°dt -6 (t°—1)dt
x| 665 de=dx | V2= (¥)>=(I%)* =t* | t € (0; 00) (B+9)e° tites
6 6.5 ,5_ .4, .4 4 2 2
Rozkl il lomky: o=l _ £ttt =1 -1 _ (t2=1)(t“+1)
_ ozklad na parcia nezomzy R 7[§+[4 t—1+ 5l =1l 4¢ 7[4(#1)
U () [ ) NPT (e [ ) N S_?1t—1 L1 1,1 1
t—1 S 1 = t—1+ = —1+1 2 +[3 [4

= /(t—1+%—t%+t%—%)dt:6/(t—1+%—t—2+t—3—t—4)dt
— G —ptliff — S S e

=3t2—6t+6Int+8 124184 ¢
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Integraly iracionalnych funkcii |

_ [subst. [t=8&x |x=(¥x)3=£ xe(0o0)] _ [ (t°—1)6t°dt -6 (t°—1)dt
x| 665 de=dx | V2= (¥)>=(I%)* =t* | t € (0; 00) (B+9)e° tites
6 6.5 ,5_ .4, .4 4 2 2
Rozkl il lomky: o=l _ £ttt =1 -1 _ (t2=1)(t“+1)
_ ozklad na parcia nezomzy R 7[§+[4 t—1+ 5l =1l 4¢ 7[4(#1)
U () [ ) NPT (e [ ) N S_?1t—1 L1 1,1 1
t—1 S 1 = t—1+ = —1+1 2 +[3 [4

6/(t—1+%—t%+t%—%)dt :6/(t—1+%—t—2+t—3—t—4)dt
— G —ptliff — S S e

=32 —6t+6nt+2 -1+ 184 ¢

=32 —6t+Int®+2 -+ B4
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Integraly iracionalnych funkcii |

_ [subst. [t=8&x |x=(¥x)3=£ xe(0o0)] _ [ (t°—1)6t°dt -6 (t°—1)dt
x| 665 de=dx | V2= (¥)>=(I%)* =t* | t € (0; 00) (B+9)e° tites
6 6.5 ,5_ .4, .4 4 2 2
Rozkl il lomky: o=l _ £ttt =1 -1 _ (t2=1)(t“+1)
_ ozklad na parcia nezomzy R 7[§+[4 t—1+ 5l =1l 4¢ 7[4(#1)
U () [ ) NPT (e [ ) N S_?1t—1 L1 1,1 1
t—1 S 1 = t—1+ = —1+1 2 +[3 [4

6/(t—1+%—t%+t%—%)dt :6/(t—1+%—t—2+t—3—t—4)dt
—6(L —t+hft| - S+ + 2 4c
=32 —6t+6nt+2 -1+ 184 ¢

=32 —6t+Int® + & — B + B+ ¢ =[t- 0| 2= x| =vr|o=x]
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Integraly iracionalnych funkcii |

‘Xifl 23/ _R.6 6 12
/<ﬁ+ﬁ>xdx_3f 6V +Inx+ gz — %

_ [subst. [t=8&x |x=(¥x)3=£ xe(0o0)] _ [ (t°—1)6t°dt -6 (t°—1)dt
O =x |6t5dt=dx | Vx2=(¥x)2=(Ix)*=t*| t€(0; 00) (t3+t4)ts th+t°
6 6,,5_,5_ 4,4 4 2 2
Rozkl il lomky: L=l _ 24—t 1 -1 _ . (t°—1)(t°+1)
_ ozklad na parcidlne zomzy R 71;3“4 t—1+ 5o t—1+ T
e aa (t=1)(t+1)(t°+1) _ 4 (t—=1)(t°+1) _ _ 3 rQ\r 1 _ ., 4, 1_ 1,1 _ 1
t—1 — Ty t—1 @ t—1+ o3 t—lti—5tr—

:6/(t—1+%—t%+t%—%)dt :6/(t—1+%—t—2+t—3—t—4)dt
—6(L —t+hft| - S+ + 2 4c
=3t2—6t+6Int+8 124184 ¢

=32 —6t+Int® + & — B + B+ ¢ =[t- 0| 2= x| =vr|o=x]

=3V/x —6Vx +Inx+ g — 3= + & + ¢ x€(0;,00), cER.
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Integraly iracionalnych funkcii |

s

:{\/;ER:XE«);OC) X€<0‘1>}

1—v/x>0: x€(0;1)
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Integraly iracionalnych funkcii |

{\/;ER: X € (0; 00) xG(OJ)} :/ 1-VX 17\/;dX = [x%l:x&(O;l)}

1—v/x>0: x€(0;1)
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Integraly iracionalnych funkcii |

/mdx

__ | VXER: x€(0; 0
_{17\/220: XG(O;)l) XHO‘”}

dx = [x%l: x € (0; 1)}
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Integraly iracionalnych funkcii |

iz X

{feR x € (0; 00)
1—+/x>0: x€<0 1)

:/(

x € (0; 1>

f

dx

Tl

><

1+ = dX_[x%l:xem;l)}
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Integraly iracionalnych funkcii |

iz X

:{\/;eR: X € (0; o0)
1—/x>0: x€(0;1)

,;1+ %dx_[x%l:xem;l)}
2
= de \de V/x dx
/1_(\/;)2 V1—x \/1 X V1—x
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Integraly iracionalnych funkcii |

iz X

P X X , OO _ V V
—{f/\e/ioesoem)n XHO‘”} = \/T\/i X = [x#1:xe 0]

_ ( \f Vxdx
_/ / dx= /\/ﬁ Vix m / =x dx
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Integraly iracionalnych funkcii |

1+\/§d
:{\/;ER:xem;oc) x€<0,1> _ V1 Vx /1 dX—

\/T\/i [x%l:x&(O;l)}

1—/x>0: x€(0; 1)

= ( \f dX dx [ /xdx _ dx X dx
V1—x V1—x V1—x 1—X
_ Subst. |z=1—x |x€(0;1) | Subst. t=./P2==./7 —\/\1/% 2(1—x)=x | x € (0; 1)
_ _ . 2t(t2+1)— 2.2t 2 )
x=1—z|dx=—dz|z€(0;1) dx = oy dti(z%idltﬁ X—ﬁ ‘te(o,oo)
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Integraly iracionalnych funkcii |

X X ; OO0 V v
:{I{\E/B>OEX<O€ <0_)1) x€<0,1> = \/T \/7dX = [x%l: x € (0; 1)}

_ ( \f dx Vxdx dx
_/ / dx= /\/ﬁ_ VIx m_/ Tox dx

Subst. z=1—x |x€(0;1) || Subst. t /1 \/ 1 /X t2(1 x)=x|x€(0;1)
2
x=1—2z ) d X—ﬁ ‘te(O;oo)

2e(01 2t(r2 1)—t2.2t e _2tdt
—dz t2tdt
N (=P

dx=—dz

(£2+1)2 T (241)2
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Integraly iracionalnych funkcii |

:{\/;ER:XE«);OC) XG(O,l)} _ V1 \/ dX_

\/T \/7 [x%l: x&(O;l)}
_ ( VX dx Vxdx dx X
—/ V() /mdx m_ Viox = m_/\/ﬁdx

1—/x>0: x€(0; 1)

Subst. z=1—x |x€(0;1) || Subst. t /1 \/ 1 /X t2(1 x)=x|x€(0;1)
B B ) 2z(r2 1)—2.2t 2t dt 2 .
x=1—z|dx=—dz|z€(0;1) dx= )2 =T X=5— t € (0; oo)
—dz t2tdt _ u =t |u=r
2 = ==t FE— -,
vz (2+1) V @212 |V 241
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Integraly iracionalnych funkcii |

:{I/E\E/B>BEX<O€ ?;)1) x€<0,1> = \/T \/7 dX = [x%l: x € (0; 1)}

_ ( \f Vxdx
_/ / dx= /\/ﬁ m— m / =x dx

Subst. z=1—x |x€(0;1) || Subst. t /1 A/ f ‘ t2(1 x)=x|x€(0;1)
- 2t r2 1)—t=-2t 2
x=1—z|dx=—dz|z€(0;1) dx= ( (t2421)2 dt= (Igidlt)z X—ﬁ ‘ t € (0; oo)

u'=1 _ 1 t dt
szﬁ}—/z 2dZ*|:* t2+1+/t2+1

= —dz f2tdt _ “ =t -
vz f2+1 V = @22
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Integraly iracionalnych funkcii |

:{I/E\E/B>BEX<O€<OS)1) x € (0; 1>} \/TFdX_[x%l:xem;l)}

(Vi—vx i . R dx
:/ Vi-(Vx)? / ehe= \/(;—x_ \/le: i /\/ dx

Subst. z=1—x [x€(0;1) [| Subst. ¢t t2(1 x)=x|x€(0;1
. )
2
x=1—z|dx=—dz|z€(0;1) dx= zt(t(:zllnzt Qtd 7(131"1{)2 X*ﬁt*: ‘tao; )
dz t-2tdt __[u =t u'=1 _ 1 | t dt
/\/E /l’2+1 V:(t22‘7t1)2 v:fﬁ}—/z de |: t2+1+/t2+1
%
= —T + —arctgt + ¢
I Tp +1 g
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Integraly iracionalnych funkcii |

IV Pr.IV

__ | VXER: x€(0; 0 — V1 VA _
_{17\f>o-x<e<o-)1) X€<0'1> = % dx =

\/T\/i [x%l:x&(O;l)}

_ ( f dx Vxdx dx X
_/ VI-(/%? / dx= m_ Vix m—/\/mdx

Subst. z=1—x |x€(0;1) || Subst. t /1 \/ 1 /X t2(1 x)=x|x€(0;1)
- - - . 2z(r2 1)—2.2t 2 .
x=1—z|dx=—dz|z€(0;1) dx )2 = (Igidlt)z s ﬁ ‘ t € (0; )
—dz t2tdt u =t u'=1 -1 t dt
= 2 = || =
% VX VX
=—2 arctgt c= V1i=x _ V1l=x _(A=X)Vx _ ./
1 +t+1 gt+ t2¢1 =+l xiix* Ji—x x—x
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Integraly iracionalnych funkcii |

I Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

— | VXER: x€(0; 0 — V1 V —
—{IC\[N)_ X<6<0_)1) x€<0,1> = dX

\/T\/i [x%l:x&(O;l)}

_ ( f dx Vxdx dx X
_/ VI-(/%? / dx= m_ Vix m—/\/mdx
Subst.

z=1—x |x€(0;1) || Subst. t /1 \/ 1 /X t2(1 x)=x [x € (0;1)
= 2t r2 1)—t=-2t 2
x=1—z|dx=—dz|z€(0;1) dx ( (t2421)2 = (Z%tdlt)2 s ﬁ ‘ t € (0; )
dz_ [ t2edt u =t u'=1 —4 t dt
= 2 = || =
/ﬁ (£2+1)? v:(t;‘—fl)z v:—ﬁ} /Z dz [ t2+1+/t2+1:|
NES VX
_zz r Viex _ Al—x _ (-0 _ /3
% + g —ardtgt + o= P e X x .

=—2\/z+ pig —arctgt+c
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Integraly iracionalnych funkcii |

VISR o — —a_ VX
/de_ 2y/1—x+ Vx—x arctg 1= +¢

=|VXER:x€(0io0) \ gy | = [X Y X:[x%l:xem;l)}
1—/x>0: x€<0 1) \/T\/i
_ [V i VEdx _
_/ / dx= /\/ﬁ m— m / T dx
Subst. z=1—x |x€(0;1) || Subst. t /1 \/ 1 f ‘tQ(l x)=x|x€(0;1)
| x=1—z|dx=—dz|ze(@:1) d 7”“2“2111)2‘ = 7(51"52 r2t21 ‘te(o,oo)
dz t2tdt o u =i u'=1 _ 1 | t dt
/ﬁ (t2+1)? :(t2‘r1)2 szﬁ}_/z 2dz [ t2+1+/t2+1:|
=_ZZ r ‘ T—x \/ —~ _ (=X _
% + t2+1 =a Ctgt+ €= |:r2<1 1X><+1 Xifxx Ji—x S :|
=2z + ghg —arctgt + c= — 2/1—x + Vx—x2 — arctg fl%x +c,
x€(0;1), ceR.
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Integraly iracionalnych funkcii |

t=+x
dx=2tdt

1—/x>0: x€(0;1) —t2

xe<o;1>}
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Integraly iracionalnych funkcii |

t=+/x
dx=2tdt

— | VXER: x€(0; 00) i Subst.
_{lfﬂzo:xem:n X€<O'I>H _ 2

x€(0;1) | __ 1—t
ze(o;l)} _/Zt 1+tdt
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Integraly iracionalnych funkcii |

— | VXER: x€(0; 0) _ Subst. | t=+/x xe(O;1)| _ 1—t
{1*\/?>0:X6<0'1> x€(0:1) =2 |dx=2tdt|te(0;1) | 2t 1+t dt
[Subst zf,/lﬂ N V’1+z_1 Z2(1+t)=1-t|te(0;1)
di= =202 (‘11)71()12 a5 dZ*(zﬁf} t=3 2+1 ze(0;1)
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Integraly iracionalnych funkcii |

— | VX€ER: x€(0; 00) Subst. [t=+/x |x€(0;1)]| __ 2 _t
- 0;1 =
{FWZOWHO'D X€OD |2 |ax=2edr te (0;1) ¢ 1+tdt
| Subst. Z,\/’l 7\/ﬁ,\ 21| 22(1+t)=1-t|te(0;1) . 2(1722)_2 47dz
- 2 - 2 21 1)2
dio =222 (\11)71()1 )2z g, 4+) - 2(0:1) 22+1  (2241)
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Integraly iracionalnych funkcii |

__ | vVXER: x€(0; 00) Subst. | t=+/x x€(0;1) | __ 9 1—t
= €(0;1 = t 7dt
{17\/;20: xe(0;1) J¥ ©:1) =t |dx=2tdt|te (0;1) 1+t
1— i 3 e
[ subst. Z:\/H:\/lef:yl% 1 2(0+8)=1-t|te(©1) | [2(1=2%)z —4zdz
- - 2 2 2
dr= LD g e |12 [ze0) 1 ()

_/(24—22)dz
=8
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Integraly iracionalnych funkcii |

t=+/x
dx=2tdt

1—/x>0: x€(0;1) —t2

x€(0;1) | __ 1—t
ze(o;l)} _/Qt 1+tdt
/ry

:{\/;GR. x € (0; 00) X€<0;1>“:Subst.
X
[S%St‘ =y F=y IR =y i | ) =1t e (\O;H} 7/2(1722)'2 —4zdz

22+1  (224+1)?

2z(2%+1)—(1-2%)-2z —4zd 1-22 fr 1Y
dszdzf(zzi”i tfﬁ z€(0;1)

_ /(24—22) dz {Rozklad na parciélne zlomky

2 3 = 2 3 1
(2+1) G = @~ @p T
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Integraly iracionalnych funkcii |

__ | vxeR: xe (0; o) Subst. [t=+v/x [x€(0;1)| _ 2 1—t
= €(0;1 = ty/=—=dt
{17\/;20: x€(0;1) S ¥ ©:1) x=t> |dx=2tdt|te (0;1) 1+t
1— T 3 e
_ [subst. z=y/i5E= /At = /1| 2Lk t) =1t | te(0;1) 7/2(1722)-2 —4zdz
= i = |27 =12
di= I g =ty [ze0) AR G

2 3

_ (z*—2%)dz _ [Rozklad na parcialne zlomky _ 1
= / = =8 [ziy — e t 21) 92

2 3 = 2 3 1
(2+1) G = @~ @p T
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Integraly iracionalnych funkcii |

| VXER: x€(0; 0) Subst. | t=+/x xe; )] _ 1—¢

= €(0;1 = [2t /=t dt

{17\/;20: xe(0;1) J¥ ©:1) =t |dx=2tdt|te (0;1) 1+t

_[subst. 2=/ =/ =/ -1 | A+ =1-t | te(@:1) 7/2(1722)-2 _4zdz

— X - 2 2 2
di= I g =ty [ze0) AR G

Rozklad na parcialne zlomky
-2 2

3 1
(221 — (Z+1) ~ (2+1)2 t+7h

_ /(z“—zZ)dz _
=8/ @y =

" dz
{,"7./&2 EIN "GN}

_ 2 3 1
—8/[(241)3 — et i) dz
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Integraly iracionalnych funkcii |

— | VXER: x€(0; 0) _ Subst. | t=+/x xe(O;1)| _ 1—t
{1*\/?>0:X6<0:1> X€OD |2 |ax=2edr te(0:1) | 2t 1+t dt
_ | S Z*\/ o 1| A+ =1-t| e i) 7/.2(1722)-2 _4zdz
- 3 - 2 2 2
2P g et | 1= L ze (1) Z4L (4

Rozklad na paroa\ne zlomky

2 3 1
[t~ t 7l 92

z'—2%)dz
8/ (22+1) -

{ e ,,QN} —16/5—245+8

:8/

p
1
iy +f) @+? +1) (z'—l)'+m
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Integraly iracionalnych funkcii |

Intl Pr.l Pr

Il Pr

I Pr.IV Pr.lV Pr.IV

— | VXER: x€(0; 00) € (0:1) Subst. | t=+/x x €(0;1)
1—+/x>0: x€ (0; 1) ' x=t> |dx=2tdt|te (0;1)
_ a
[ 'subst. z:\/%:\/?;ljf:v%ﬂ 1| 2(1+t)=1—t|te(0;1)
2z(2%+1)—(1-2%)-2z —4zd 1-22 n.
dt= @AY dz= (zlil)zﬂ t=74 ze(0;1
_ (z*—2%)dz _ [Rozklad na parcialne zlomky
- 2 3 — | £-2 2 3 1
() Gy = @y @y

{,ﬁi/ﬁ,w} =16/ —24h+8h =[]

} :/2t
1*22)'2 —4zdz

1=/

. 2 3 1
—8/[W—W+m] dz

1—t
mdt

22+1  (224+1)?
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Integraly iracionalnych funkcii |

VXER: x€(0; 00) Subst. | t=+/x x€(0;1) | __ 2 —t
0;1 =
{ —vx20:xe 1) SO || _ 2 |gemear te (0;1) ¢ 1+tdt
| Subst. Zf\//l”f\//zilﬁ =/ 1| 2+t =1-t|te(O:1) 7/.2(1722).2 47dz
- - 2 2 2
dtf%dzi e 2€(0:1) 2241 (22+1)

Rozklad na parcialne zlomky

A 2

2 3 1
iy = @y @y T e

_o(E=Z)dz _ _ 2 3 1
—8/ iy — = /[(241)3 — et i) dz

:{,n,'/ﬁ,nw} =16/ —245+8h =[] :16[%/2+m]—24/2+8l1
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Integraly iracionalnych funkcii |

VXER: x€(0; 00) Subst. | t=+/x xE(O;l) 2 —t
0;1
{ —vx20:xe 1) SO || _ 2 |gemear xe<o;1> ¢ 1+tdt
| Subst. zf\/l ¢ \,/2%17 7\/1% 1| 2(1+t)=1—t|te(0;1) / —2%)z _4zdz
— - 2 2 2
e [ PTG R G
4_ 2 "
— dz Rozklad na parcilne zlomky 2 3 1
=8 7(2 = =| 4_, ¢ = g — s+ | dz
P~ | &=ty - whr [ty — e + 2

:{Inf/(dﬁ I76N:| :16I3_24l2+8I1 :I:/,,} :16 [%b—‘rm] —24/2+8/1
(2+1)?

= 22+1) —125H+8h
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Integraly iracionalnych funkcii |

VXER: x€(0; 00) Subst. | t=+/x xE(O;l) 2 —t
0;1
{ —vx20:xe 1) SO || _ 2 |gemear xe<o;1> ¢ 1+tdt
| Subst. zf\/l ¢ \,/2%17 =y/e—1| 2A+)=1-t|te(0;1) / —2%)z _4zdz
— - 2 2 2
dt*%dzf&tfp t=1 z€(0;1) Z I Gl
4_ 2 "
— dz Rozklad na parcilne zlomky 3 1
=8 7(2 = =| 4_, ¢ = -+ —=—|dz
(z2+1)3 Gy = @y~ ap e [(Zerl) (z24+1)? + 22+1]

:{Inf/(dﬁ I76N:| :16I3_24l2+8I1 :I:/,,} :16 [%b—‘rm] —24/2+8/1
(

= i —12h+8h = 4 — 12[h+ 5E 5] +8h
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Integraly iracionalnych funkcii |

VXER: x€(0; 00) Subst. | t=+/x xE(O;l) 2 —t
0;1
{ —vx20:xe 1) SO || _ 2 |gemear xe<o;1> ¢ 1+tdt
| Subst. zf\/l ¢ \,/2%17 =y/e—1| 2A+)=1-t|te(0;1) / —2%)z _4zdz
— - 2 2 2
dt*%dzf&tfp t=1 z€(0;1) Z I Gl
4_ 2 "
— dz Rozklad na parcilne zlomky 3 1
=8 7(2 = =| 4_, ¢ = -+ —=—|dz
(z2+1)3 Gy = @y~ ap e [(Zerl) (z24+1)? + 22+1]

:{Inf/(dﬁ I76N:| :16I3_24l2+8I1 :I:/,,} :16 [§I2+m] —24/2+8/1
(

= iy 12I2+8/1_(22+1) [I1+2(22+1)]+8/1 (z2+1) — 5 +2h

beerb@frcatel.fri.uniza. http://frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.lV Pr.IV

Integraly iracionalnych funkcii |

VXER: x€(0; 00) Subst. | t=+/x xE(O;l) 2 —t
0;1
{ —vx20:xe 1) SO || _ 2 |gemear xe<o;1> ¢ 1+tdt
| Subst. zf\/l ¢ \,/2%17 =y/e—1| 2A+)=1-t|te(0;1) / —2%)z _4zdz
— - 2 2 2
dt*%dzf&tfp t=1 z€(0;1) Z I Gl
4_ 2 "
— dz Rozklad na parcilne zlomky 3 1
=8 7(2 = =| 4_, ¢ = -+ —=—|dz
(z2+1)3 Gy = @y~ ap e [(Zerl) (z24+1)? + 22+1]

:{Inf/l(dﬁ,neN} :16/3—24/24-8/1:[/,,} :16[§I2+m]—24/2+8/1
:(22+1) 12I2+8/1_(22+1) 123 h+5Fy ) +8h = (z2+1) — 5 +2h

:m—zf—il—ﬁﬂ arctgz+c
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Integraly iracionalnych funkcii |

[5=%

VXER: x€(0;00) 1 o 1>Hsubst.

t=+x
dx=2tdt

—/x>0: x€ (0;1) 2

' —22(+1)—(1-2°)-2z dz— —4zdz

xE(O;l) _t
=t te(o; 1> /2t 1+tdt
BB 1-z )'Z —4zdz
BN ze(0:1) W (z2+1)?

(& e - 3 1
8/ @+ / [y it 7l 4z
{ . ,,QN} :1613—24l2+811:[,n} :16P'2+W] _24h+ 8l
( 12I2+8/1 - (22+1) [ I1+ 2(22+1)] +8/1 (22+1) 22+1 +2/1

.

= — 1-Vx
fm—zz—ﬂvﬂ arctg z+c 7{Z,vﬁ,\vw

Z2(1+t)=1-t

=
2+1

=

(2+1)?

Rozklad na paroa\ne z\omky
42

(i +i) @+ +1) (1 —1) +z

1
2241

22+1

2
—

beerb@frcatel.fri.uniza. http://frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb
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Integraly iracionalnych funkcii |

VXER: x€(0; 00) Subst. | t=+/x xE(O;l) 2 —t
0;1
{ —vx20:xe 1) SO || _ 2 |gemear xe<o;1> ¢ 1+tdt
| Subst. zf\/l ¢ \,/2%17 =y/e—1| 2A+)=1-t|te(0;1) / —2%)z _4zdz
— - 2 2 2
dt*%dzf&tfp t=1 z€(0;1) Z I Gl
4_ 2 "
— dz Rozklad na parcilne zlomky 3 1
=8 7(2 = =| 4_, ¢ = -+ —=—|dz
(z2+1)3 Gy = @y~ ap e [(Zerl) (z24+1)? + 22+1]

:{Inf/l(dﬁ,neN} :16/3—24/24-8/1:[/,,} :16[§I2+m]—24/2+8/1
ey — 12k +8h = iy —12[3 h + sy | +8h = oty — 57 +2h

= il — 2L — _ViE
T (22+1)? 22+1+2arCtgz+C *{Z*\/UM :/Tv

=\/1—x+\/x—x2—3\/1—X+2EWC'Cg\/\/g‘F

= 22+1)

2
—
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Integraly iracionalnych funkcii |

VISVX 4y = —2/T—x + Vx—x2 + 2 arctg f +

— | VXER: x€(0; 0) i Subst. [t=+/x |x€(0;1) — /2
{1 Vx20:xeon) SXSOD N 2 g orae te (0;1) ¢ 1+t ; dt
[Subst zf\/l t=/ 117 *\’1% 1| 22(1+t)=1—t| te \(0;1;} 7/2(1722)_2 ik
2 _p T 2T ()2
',,1'2 Zdz= =t =12 z€(0; 1) ( )

Rozklad na paroa\ne z\omky

z'—z%)dz
8/W—

(Z+1 +1) @+ +1) (1 —1) t+7h +1

_ 3 1
/[(241) e T2l dz

{ . m,,,em} :16/3—24/2+8/1:[/n} :16[7124—@]—24/24—8/1

(z2+1 12I2+8/1_(22+1) [I1+2(22+1)]+8/1 (z2+1) — 7

—TH—Q—Zarctgz—i—c :{Z, /#,\/Q

Vv 1ty

=@y 2“**;}

=v1—x+Vx—x2-3y1—x+2arctg V%

=vx —x2—2y/T—x + 2arctg VIV o xe(O 1), ceR.
\/7V
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Integraly iracionalnych funkcii |

Obe riesenia predchadzajiiceho prikladu IV si spravne:
{—2\/1—x + Vx—x2 — arctg\/‘l/% +ca, x€(0;1), a1 €R,

1—v/x
dx= -~
Vit —2y/1—x+vVx—x%>+ 2arctg\/%i + o, x€(0; 1), €R.
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Integraly iracionalnych funkcii |

Obe riesenia predchadzajiiceho prikladu IV si spravne:
; {—2\/1—x+\/x—x2—arctg\/‘l/%—l—cl,xe<0; 1), a1 €R,
X =

—2v/1—x + Vx—x2 + 2arctg ¥ 1-vX + o, x€(0;1), xER.
Vit

VI1-vx
vV 1+vx

Skontrolujeme derivovanim:
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Integraly iracionalnych funkcii |

Obe riesenia predchadzajiiceho prikladu IV si spravne:

VI—x
V I+ —2y/1—x + v/x—x2 + 2arctg ¥ 1-vX + &, x€(0;1), ER.

ViR {—2\/1—x+ Vx—x2 — arctg VS c, x€(0;1), . €R,
VX dx=
Vit

Skontrolujeme derivovanim:

[Prvé dve &asti sti rovnaké, je zbytoéné ich derivovat.]

/
{ — arctg \/‘1/% +c1}

/ /!
[2 arctg % + Cz}
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Integraly iracionalnych funkcii |

Obe riesenia predchadzajiiceho prikladu IV si spravne:

—2v1—x+ Vx—x2 — arctg VS c, x€(0;1), . €R,
V1-vx {
dx=

V1—x
Vv —2y/1—x + v/x—x2 + 2arctg ¥ 1-vX + &, x€(0;1), ER.

Vi1tv/X

Skontrolujeme derivovanim:

[Prvé dve &asti sti rovnaké, je zbytoéné ich derivovat.]

, >(1 ’
_ VX _ [(kg%]
[ arctg m—ﬁ—q} = )

, a—xhiy’
[2 arctg Y— 1-vx + Cz} = 27{&}2)2]
1+ 1+\/;Jrl
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Integraly iracionalnych funkcii |

Obe riesenia predchadzajiiceho prikladu IV si spravne:

=

Vievx 72\/17x+\/x7x2+2arctgﬁvi:ﬁ+q,x6<0;1>, oER.

—2v1—x+ Vx—x2 — arctg VS c, x€(0;1), . €R,
V1-vx 1-x
7dx_

Skontrolujeme derivovanim:

[Prvé dve &asti sti rovnaké, je zbytoéné ich derivovat.]

! [ = ]/ biani-xbia iy
VX _ axil T
[_ arctg m+cl - = =11 - x;rlzx
(17&)%]/ 1(1=x3)" 3 (= ix~3)(14x3)F —(1-x3)3 L(14x3) "3 (1x"2)
/ 2 2 2 2
1— { 1.1 T
[2 arctg MIvx Cz} =220z =2 i
/1+/x LoV 1 =7
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Integraly iracionalnych funkcii |

Obe riesenia predchadzajiiceho prikladu IV si spravne:

=

Vievx 72\/1—x+\/x—x2+2arctgﬁvi:ﬁ+q,x6<0;1>, o ER.

ViR —2v1—x+ Vx—x2 — arctg \fx +ca, x€(0;1), a1 €R,
V- VX x=

Skontrolujeme derivovanim:

[Prvé dve &asti sti rovnaké, je zbytoéné ich derivovat.]

Ik 1 11 _1 V=
Jx / [(1X )%] IxT2(1-x)2—x23(1—x)"2(-1) f;(l \/):
_ — _ t(=x — 1—x — —x
[ —aretg 5 +a] = -2t = ==
, = , Hil”l]/ %(1—x%)*%<—%x*%)(1+x%z%—fl—x%ﬁ%(ux%)*%(;x*%)
arct 7+c}:2 z =92 +x2
[ & Jivs @ =24y L
I VA C oV N e TV
2/5V/1=VE  2vE/14Vx
_ 1+vx
- 2
1+/x
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Integraly iracionalnych funkcii |

Obe riesenia predchadzajiiceho prikladu IV si spravne:
Vi o —2v/1—x+ Vx—x2 — arctg\/‘l/% +ca, x€(0;1), a1 €R,
vV 1+vx

—2v/1—x+ Vx—x2+ 2arctgﬁvi;\/; + o, x€(0;1), €R.

Skontrolujeme derivovanim:

[Prvé dve &asti sti rovnaké, je zbytoéné ich derivovat.]

1 101 1 Vx| v
Jx / T IxT2(1-x)2—x23(1—x)"2(-1) VX \fiex
— arctg 22~ +c¢ } = —=0 — L= 201
[ Ei=T4 1 L =
\/1—><+ VX 1—x+ VX
X Vi=x | 1—x _ _ _Vx T—x
7 2(1—x) 1 2

Had)l-a-xhitaxd)Taxh)

, (l—xf)f ! 1(1-x3) "} (< 1x
o 5 o) ol
X

— 2 1+x%
+1 1=Vt 1tv/x
1++/x 14++/x
VitJ/x Vi vk
T am/i-vr 2vm/iivs Liv/x I=of
_ 1+ _2VXVI1-VX O 2Vx\/ 14X
= 3 b

1+v/x
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Integraly iracionalnych funkcii |

Obe riesenia predchadzajiiceho prikladu IV si spravne:

—2v1—x+ Vx—x2 — arctg
VI-VX g
V1+vx

\/‘1/%4—(:1, x€(0;1), c1 €R,

—2v/1—x+ Vx—x2+ 2arctgﬁvi;\/; + o, x€(0;1), €R.

Skontr0|ujeme derivovanim: [Prvé dve &asti sti rovnaké, je zbytoéné ich derivovat.]

3 1 11 _1 VAR
Jx / 1X %] IxT2(1-x)2—x23(1—x)"2(-1) f;(l \/):
— —x) 1— — —X
[— arctg m—ﬁ-q} =T = = xﬂzx R
\/1—><+ VX V1— x+ VX
— _ VX Vi—x | 1—x — _ VX Tx _ _ 1—x+x
2(1—x) 1 2 2/x\/1—x
(17&)%]/ 1(1=x3)" 3 (= ix~3)(14x3)F —(1-x3)3 L(14x3) "3 (1x"2)
! { 2 2 2 2
[2 arctg VIVX 4 Cz} —olaxbl]l _ 5 1l
e 1—Jx 1—/x 1t/
1+v/x 1+\/§+1 T i+/x
ik _ v
RV e AN V1tV VX
_ 1+v/x o 2/AVIVE 2RVIbVx . Xl —Vx
v 2 4y/x\/T—x
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Integraly iracionalnych funkcii |

Obe riesenia predchadzajiiceho prikladu IV si spravne:

—2v1—x+ Vx—x2 — arctg
VI-VX g
vV 1+vx

\/‘1/%4—(:1, x€(0;1), c1 €R,

—2v/1—x+ Vx—x2+ 2arctgﬁvi;\/; + o, x€(0;1), €R.

Skontr0|ujeme derivovanim: [Prvé dve &asti sti rovnaké, je zbytoéné ich derivovat.]

3 1 11 _1 VAR
[ Jx / 1X %] IxT2(1-x)2—x23(1—x)"2(-1) f;(l \/):
— arctg +c| =— ;X = — T = — =
vI=x = =
\/1—><+ VX V1— x+ VX
— _ VX Vi—x | 1—x — _ VX Tx _ _ 1—x+x _ _ 1
2(1—x) 1 2 2v/x+/1—x 2\/x—><2 :
(17&)%]/ 1(1=x3)" 3 (= ix~3)(14x3)F —(1-x3)3 L(14x3) "3 (1x"2)
/ 2 2 2 2
2 arct V1-vx Lol =2 {(Hx%)% =9 1x3
g \/17 2| — x5 - 1— /x+1t/x
+Vx 1+/x 1+v/x
ik _ v
RV e AN V1tV VX
_ 1+v/x __2/AVIVE 2vRVIbVx . IbxFl—Vx 1
v 2 4y/x\/1—x o /x—x2
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx +7) dx,® a,B,7ER, a # 0.
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx +7) dx,® a,B,7ER, a # 0.

o 1. Eulerova substiticia

@ 2. Eulerova substiticia

o 3. Eulerova substiticia
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx +7) dx,® a,B,7ER, a # 0.

o 1.Eulerova substiticia +/ax? + fx +v =t + /ax

o 2.Eulerova substitiicia +/ax?+ x4y =xt+ /7y

o 3. Eulerova substiticia t=,/a>=}
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx +7) dx,® a,B,7ER, a # 0.

o 1.Eulerova substitiicia /ax?+ Bx + v =t £ /ax s pousivapre a > 0.

o 2.Eulerova substitiicia +/ax?+ x4y = xt /7 s pouzivapre 7 > 0.

o 3. Eulerova substitiicia t = y/aX=F sapousvape a,bER, a#b

(dva rézne reélne) korene po|ynému aX2 + ﬁX + -
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx +7) dx,® a,B,7ER, a # 0.

o 1.Eulerova substitiicia /ax?+ Bx + v =t £ /ax s pousivapre a > 0.
t=+/ax? + Bx + v F/ax,

o 2.Eulerova substitiicia +/ax?+ x4y = xt /7 s pouzivapre 7 > 0.
=V PHBx+YF/A

X 1

o 3. Eulerova substiticia t = ,/aﬁ sa pouziva pre 3,bE R, a#b
(dva rézne reélne) korene po|ynému aX2 + ﬁX + -
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx +7) dx,® a,B,7ER, a # 0.

o 1.Eulerova substitiicia /ax?+ Bx + v =t £ /ax s pousivapre a > 0.
2_
t=+v/ax? + fx + 7 FVax, x=55

o 2.Eulerova substitiicia +/ax?+ x4y = xt /7 s pouzivapre 7 > 0.
f— \ ax?+Bx+yF /7 o +2,/4t—8

X o a—t2 !

o 3. Eulerova substiticia t = ,/aﬁ sa pouziva pre 3,bE R, a#b
(dva rézne reélne) korene po|ynému aX2 + ﬁX + -

2__  X—a __ aa—bt?
t“=« X=="—p
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx +7) dx,® a,B,7ER, a # 0.

o 1.Eulerova substitiicia /ax?+ Bx + v =t £ /ax s pousivapre a > 0.
PV - T, _ = _ 2A(FVat’+tBFy/a)
t= CYX2—|—/8X+’Y:F\/aX, X_ﬁ¥2\)/at’ dX—Wdt

o 2.Eulerova substitiicia +/ax?+ x4y = xt /7 s pouzivapre 7 > 0.
f— vV ax?+Bx+YF /A =28 g 2(£/At*—Btta/7) dt

X o a—t2 ! (a—t2)2

o 3. Eulerova substiticia t = ,/aﬁ sa pouziva pre 3,bE R, a#b
(dva rézne reélne) korene po|ynému (IX2 + ﬁX + -

_ _pt? 2 —b)t
P=alsz, x=222b dx=22dr
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx +7) dx,® a,B,7ER, a # 0.

o 1.Eulerova substitiicia /ax?+ Bx + v =t £ /ax s pousivapre a > 0.
PV - T, _ = _ 2A(FVat’+tBFy/a)
t= CYX2—|—/8X+’Y:F\/aX, X_ﬁ¥2\)/at’ dX—Wdt

o 2.Eulerova substitiicia +/ax?+ x4y = xt /7 s pouzivapre 7 > 0.
f— vV ax?+Bx+YF /A =28 g 2(£/At*—Btta/7) dt

X o a—t2 ! (a—t2)2

o 3. Eulerova substiticia t = ,/aﬁ sa pouziva pre 3,bE R, a#b
(dva rézne reélne) korene po|ynému (IX2 + ﬁX + -

_ — bt? 2 —b)t
P=alsz, x=222b dx=22dr

o Eulerove substitticie st sice ic¢inné, ale aj velmi pracné.
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx +7) dx,® a,B,7ER, a # 0.

o 1.Eulerova substitiicia /ax?+ Bx + v =t £ /ax s pousivapre a > 0.
PV - T, _ = _ 2A(FVat’+tBFy/a)
t= CYX2—|—/8X+’Y:F\/aX, X_ﬁ¥2\)/at’ dX—Wdt

o 2.Eulerova substitiicia +/ax?+ x4y = xt /7 s pouzivapre 7 > 0.
f— vV ax?+Bx+YF /A =28 g 2(£/At*—Btta/7) dt

X o a—t2 ! (a—t2)2
o 3. Eulerova substitiicia t = y/aX=F sapousvape a,bER, a#b

(dva rézne reélne) korene po|ynému (IX2 + ﬁX + -

_ _pt? 2 —b)t
P=alsz, x=222b dx=22dr

Eulerove substiticie st sice cinné, ale aj velmi pracné.

Niekedy mézeme pouzit iba jednu ES a niekedy aj vSetky tri ES.
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx +7) dx,® a,B,7ER, a # 0.

o 1.Eulerova substitiicia /ax?+ Bx + v =t £ /ax s pousivapre a > 0.
PV - T, _ = _ 2A(FVat’+tBFy/a)
t= CYX2—|—/8X+’Y:F\/aX, X_ﬁ¥2\)/at’ dX—Wdt

o 2.Eulerova substitiicia +/ax?+ x4y = xt /7 s pouzivapre 7 > 0.
f— vV ax?+Bx+YF /A =28 g 2(£/At*—Btta/7) dt

X o a—t2 ! (a—t2)2
o 3. Eulerova substitiicia t = y/aX=F sapousvape a,bER, a#b

(dva rézne reélne) korene po|ynému (IX2 + ﬁX + -

_ _pt? 2 —b)t
P=alsz, x=222b dx=22dr

Eulerove substiticie st sice cinné, ale aj velmi pracné.

Niekedy mézeme pouzit iba jednu ES a niekedy aj vSetky tri ES.

Casto pomdze substitiicia goniometrickou, resp. hyperbolickou funkciou.
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Integraly iracionalnych funkcii Il
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a?—x%=a%—2axt+x*t?

10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr

Integraly iracionalnych funkcii Il

2.ES Va?—x?=a—xt|t="1 (—a;0),te(—1;0), resp. x€(0; @), t€(0;1) | x > *a
o= r%izl e = 2a(t (r‘lll)z—’SL 2t dt = 23(([11+11))2dz t 41
5o , — 2 e
2axt=x2+x° = 2at =xt>+x, x£0 | VB —x2 = a—xt = a— gt = etp=2al _ A0-t)
2 21 12
= lim =22 _ (1] = fim 3¢ x_ ¢
x50 x x=0 2—x2

x —0: t=lim
x—0

a—y/a®
X

Vi

__|Subst. x =asint|sint=% x€e(—a;a) Va?(1 —sin®t)
dx = acostdt |t =arcsin% | te(-3 avcos? t = alcost| = acost
__ | Subst. x=acost|cost=7% x€(—a;a)| Va2 —x2=va2(1 — cos? t)
dx = —asintdt | t = arccos X | t€ (0;7) =aVsin’t = alsint| = asint
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il

2.ES Va@—x?=a—xt|t=""Y""" | x€(—5;0),te(-1;0), rp.x€(0;a), t€(0;1) [ x—+a 2
222 Dot ax2f? | x— 2at dx — 2a(t2+1)—2at 2t 4, _ 2a(1-r)dt s d1 2a(1—t)dt
_ | @ —x*=a"2axt+x x= 55 x = PO de = FET N [ TEr
= by o . N X . —
2axt=xt>+x% = 2at=xt>+x, x#0 | Va2—x2=a—xt=a =4 12“ = S(rlur;] 43(12_12)
1 te+1

22
x = 0: t=lim T2 |im
x—0 8

=@ o] i 2@ )2 (229
fi, SR = )=, = -

_ P TE Ry
__|Subst. x =asint|sint =% x€(—aa) |V Vai(l—sin’t) __ [ acostdt
dx = acostdt |t =arcsin% | te(—5;5) avcos? t = alcost| = acost acost
__ | Subst. x=acost|cost=7% x€(—a;a) | Va2 — x2 = Va2(1 — cos? t) _ | —asintdt
dx = —asintdt |t = arccos X | t€(0; ) =aVsin’t = alsint| = asint asint
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Integraly iracionalnych funkcii Il

2.ES Va2—x2=a—xt|t=2VT"X | xc(—2a;0), te(—1;0), resp. x€(0; a), t€(0;1) | x—>+a
* 2
222 Dot ax2f? | x— 2at dx — 2a(t2+1) 2at2t 4. 2a(1-¢)dt s d1 2a(1—t)dt
_ a‘—x‘=a axt+x X=47 X = B ) = (@17 > _ (t2+1)2
= NP 2 e = ——5
2axt=x2t2+x2 = 2at=xt>+x, x£0 |Va2—x2=a—xt = a = at™ ‘rfilfzﬁ = S(rlur;] 43(12_ )
T1 241
x =0 t=lim Z2VE2E iy M:[“Hg]:“m —3E )72 (=2 _
x—=0 x x=0 & [ vy 1

Il
\
N'\)
+o_
e

Vi

_ P TE Ry
Subst. x =asint|sint =% x€(—aa) |V Vai(l—sin’t) acostdt __ dt
dx = acostdt |t =arcsin% | te(—5;5) avcos? t = alcost| = acost acost
__ | Subst. x=acost|cost=7% x€(—a;a) | Va2 — x2 = Va2(1 — cos? t) _ [ —asintdt __ dt
dx = —asintdt |t = arccos X | t€(0; ) =aVsin’t = alsint| = asint asint
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Integraly iracionalnych funkcii Il

2.ES Va2—x2=a—xt|t=2 VX x€(—a;0),te(—1;0), resp. x€(0; @), t€(0;1) [ x—>+a 5
2 2_ .2 o) 2at 2a(t*+1)—2at-2t 2a(1—¢%) dt 2a(1—t7) dt
_ | —x"=a 2axt+x°t* | x=335 dx:Wdt:W t—+1 o (2+1)2
= by , —_— 2 e = ——5
2axt=x’t?4x? = 2at=xt’+x, x£0 |Va?—x2 =a—xt = a = L ‘,f,lzdt = Q(t{+;] 3(12—12)
te41
x—+0: t=lim VI _ i 2o () iy A A2 ’
' x—0 e x—0 td o x=0 1
2dt
:/2+1 =2arctg t+c
_ B o)
Subst. x =asint|[sint=% |x&€(—a;a) |V Vai(l—sin’t) _ [acostdt __ dt
dx = acostdt |t =arcsin% | te(—5;5) avcos? t = alcost| = acost acost
=t+
__ | Subst. x=acost|cost=7% x€(—a;a)| Va2 —x2 = Va2(1 — cos’ t) _ [ —asintdt __ dt
dx = —asin tdt | t = arccos tF(O,ﬁ) = aVsin®t = alsint| = asint asint

=—t+c3
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Integraly iracionalnych funkcii Il

E()
2.ES Va?—x2=a—xt tzw x€(—a;0),te(—1;0), resp. x€(0; ), t€(0;1) | x > *a 2
222 Dot ax2f? | x— 2at dx — 2a(t2+1) 2at2t 4. 2a(1-¢)dt s d1 2a(1—t)dt
e e X = @y = (e PEL ) (242
= by o , N X . —
2axt=x2t?4x% = 2at=xt’+x, x£0 |Va¥—x? = a—xt = a— Z¥t = SoE = 73(:: — 3(12212)
te+1

R . a(P—x2)h L _1(2—x?) (-2 .
sixgxzhmwz[wg]:,mwzhm E—)

x —0: t=lim
x—0 x—0 x—0 /22 —x?

:/2—‘“:2arctg t+c =2arctg VI X ”jz_szrcl, x€(—a;0)U(0;a), a eR.

t2+1
Va2 —x2 = va%(1 —sin’t) __ [acostdt __ dt
avcos? t = a|cos t| = acost acost

=t+c = arcsin X +c, x€(—a;a), 2€R.

x
sint = 3

(-a:a)

te(-59)

L

X

_ | Subst. x = asint
dx = acostdt

x
t = arcsin 3

__ | Subst. x=acost|cost=7% x€(—a;a) | Va2 — x2 = Va2(1 — cos? t) _ [ —asintdt __ dt
dx = —asintdt |t = arccos X | t€(0; ) =aVsin’t = alsint| = asint asint
=—t4c3= —arccos 2 +c3, x€(—a;a), zER.
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Integraly iracionalnych funkcii Il
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IV Pr

Integraly iracionalnych funkcii Il

V Pr.V Pr.VI Pr.VI

1.ES Vx2—a2=t—x|t=x+Vx2—a2 |x€(—o0;—a),tE€(—a;0), resp. x € (a; 0), t((a 00)

i 2rx\>< dx:%f;‘j)dr*w Z’dtf S dt| x — +a
= 22 2
=i *7‘%:‘2; X—00: t:Hm(X{\/x2 a?)=o0+o00o=00|t — +a
Y
X =001 t= I|m (X+\/X2732)— I|m (X+\/X2732) \/%* lim
2 x——00 x—

SIS = \/7 \/17— x € (—o0;

t?(x+a)=t2x+t?a=x—a|x= 3(11777:;] x € (a;00), te(0;1)

2at(1—t))—a(1+£)(=2t) 4. 4atd
dx=%2 @ aﬂ, dtf(lfr;;l X——a )
oy 32 (1_2) 2 3
P—aP— \/a2 Fﬁ? 2 72273\/(1“({7‘%2 2y _ \/1+2t +(t47(tl) 2 _
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Integraly iracionalnych funkcii Il

1.ES Vx2—a22=t—x|t=x+Vx?—2a% |x€(—o0;—a),te(—a;0), rep. xE(a;
2

00), tE€(a; 00)

2 R 2 _ 2e2t-2A+a%) 4. 22242 ;
x*—a® = t*—2tx+x > dxderdetf e dt| x — *a

=| — 22 2 2 ) — ES
Vx2—a2 =t 7%:%; X—00: t:hm(xm/x2 a?)=o0+o00o=00|t — +a

X =001 t= I|m (X+\/X2732)— I|m (X+\/X2732) VAR i

X2—22  x——00 x—

g:\,/l g x € (—o0;

2x+t2a=x—a x:a(l%:;] x € (a;00), te(0;1)
2at(1—t*)—a(1+£))(=2t) 4, _ 4atd

dx= =1 dt= (1;;;1 x——a

/x2— a2 _ +£2)2 (1122 _ 1426244 k(l 2e24t4)
=@t - =ay/ O T = R ) =
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Integraly iracionalnych funkcii Il

1.ES Vx2—22=t—x|t=x+Vx2—2a% |x€(—oc;
_ 2t2t-2(24a%)
dxder

2tx+x?

2, 2 2_p2_2 2
= e 20t s g o
=t = 2% =" X—00:

Pr

Vi

— [dt
t
3.ES ::\,1 = x€(—00; —a), te(L;00): Vi@—a2=FL | x—a: t—0
p ay 4atd
t2(x+a)=t’x+t2a=x—a x:a(llirt;] x€(a;00),te(0;1) T | x—2 %00 t—1 ﬁ
= 22t(1-¢) a1 4£)(-2 . s /o ==
dx:% 5 X——a: t:X\ij \'x+a:\//02 =4/oco=00 -2
o)y (1) 2 7
/7)(2,32:\/82((} i;z*azza\/u“(i,t%z” _ \/1+2t +(t47($)22t ) _
2dt
=1l
2dt
=Tl
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1.ES Vx2—22=t—x|t=x+Vx2—2a% |x€(—oc;

dx = 2t2t 42:; a)df

2tx+x?

2, 2 2_p2_2 2_ 2
— t°4a° _ 2t t a” _ t a -
=t—r =" = % X—00:

= In \t|+c1
3.ES t= ::\,/1 = x€(—00; —a), te(L;00): Vi@—a2=FL | x—a: t—0
. " 4at dt
. t2(x+a)=t’x+t2a=x—a x:a(llirt;] x€(a;00),te(0;1) iog | Xx—orEooit—l| (ljt2)2
- _ 2at(1—t?)—a(1+£3)(=2t o / _ [=2a_ ;—_ - 2at
dxfﬁ X——a : tfx\ij y x+a*\/ o =+/00=00 |1—t2|

P— 22— 2 (1+ r“7 2 +£2)2 (1122 _ 142624 ¢4 —(1-2241%) _
Vx2—2a \/a a’=a =y = =y =8

%: 2|n|t+1‘+cz

t22it1 2 In | t+1 |+C2
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Integraly iracionalny

——~—==ln x+x2—a2)+q —sgnx-In )7_1‘—1—(:2
a2 v

a2 =t—x

t=x+vx2—a% |xe(—o0;—a), te(—a;0), resp. xE(a; ) t(( 00)
i . 2_72
dx:%f;”dr:u 2[} ’ dt| x — +a tz:za dt
% X—00: t:Hm (><<\/><2 00 -
_ /xZ— 22 T_@) VX2 _ X
X =001 t= I|m (X+ X a)f I|m (X+\/x a) v/ Xﬂrl\mx
=In|t|[+c=In ‘x+\/x2—a2‘+cl, xE(—
3.ES t:\l'?:\,/l = x€(—00; —a), te(L;00): Vi@—a2=FL | x—a: t—0
4atd
t2(x+a)=t2x+t?a=x—a|x= % x€(a;00), t€(0;1): Vx2—a?= 2L | x— +oo: t—1 (ljtt2;
dX:zat(l—l‘g—a(}ym( ) g¢— A;tdt PTG t:X“m,\'%*\// 21\ /o6 =00 7]
R, [70 tgfazfaw“fjgi;g;“’t JEERCCEA_, [
W= .
In|t+1‘+chf|n R+1‘+C2, €(a;0), €R,
2 x\a
In|t+1|+cQ In = ’Jch,XG( ;—a), @€R.
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Integraly iracionalnych funkcii Il

1.ES Vx?+a2=t—x|t=x+vx?+a? |x€(—o00;0), te(0;00)

P A 0
x2+a% = t2—2tx+x2 | x dx = 2622209 gy 229§ = L2 dr

4tz

x—00: t=lim (x+vx?+a?)=00+00=00
x—roc

Vi

__ | Subst. x =asinht |sinht=* XER | VX2 + a% = \/a2(sinh? t + 1)
dx = acoshtdt |t =argsinh% |teR | = av cosh? t = a|cosh t| = acosh t
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1.ES Vx?+a2 =t—x|t=x+vx?+a? |x€(—o00;00), t&(0;00)

P A 0
x2+a% = t2—2tx+x2 | x dx = 2622209 gy 229§ = L2 dr

4tz

x—00: t=lim (x+vx?+a?)=00+00=00
x—roc

Vi

__ | Subst. x =asinht |sinht=% x€R| VX2 + a2 =+/a(sinh® t + 1) _ [ acoshtdt
dx = acoshtdt |t =argsinh% |teR | = av cosh? t = a|cosh t| = acosh t acosh t
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1.ES Vx?+a2 =t—x|t=x+vx?+a? |x€(—o00;00), t&(0;00)

P A 0
x2+a% = t2—2tx+x2 | x dx = 2622209 gy 229§ = L2 dr

4tz

x—00: t=lim (x+vx?+a?)=00+00=00
x—roc

2,2
t’ta
_ | 22 dt: dt
t2+a2 t
2t

Vi

__ | Subst. x =asinht |sinht=% XER | VX2 + a% = \/a2(sinh? t + 1)
dx = acoshtdt |t =argsinh% |teR | = av cosh? t = a|cosh t| = acosh t

acoshtdt __ dt

acosh t
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Integraly iracionalnych funkcii Il

1.ES Vx?+a2 =t—x|t=x+vx?+a? |x€(—o00;00), t&(0;00)

P A 0
x2+a% = t2—2tx+x2 | x dx = 2622209 gy 229§ = L2 dr

4tz

x—00: t=lim (x+vx?+a?)=00+00=00
x—roc

Vi

__ | Subst. x =asinht |sinht=% XER|Vx2+ a2 = \/32(sinh2r +1) _
dx = acoshtdt |t =argsinh% |teR | = av cosh? t = a|cosh t| = acosh t

=t+o

acoshtdt __ dt

acosh t
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Integraly iracionalnych funkcii Il

F%= = In(x+Vx2+a%)+c = argsinh X +c

1.ES Vx?+a2 =t—x|t=x+vx?+a? |x€(—o00;00), t&(0;00)

2 o (22 A 0
X2+a2 = 2 —2tx+x% | x = & dx %dt %dt SHdt
=| 22 22 2, 2 :
\/X2+82—t7',,;f—2"272”—';" x—00: t=lim (x+vx?+a?)=00+00=00
2 x—roc

x——00: t= lim (x+Vx2+a?)= lim (x+vx2+a?)
x—>—00 x—>—o0

t2+32 dt
:/ powe :/dtt =Int+ ¢ =In(x+vx?>+a%)+c;, xER, c1 €R.

2t

sinht =% xXER

teR

__| Subst. x = asinht VxZ+ a2 = /a2(sinh’ t + 1) acoshtdt __ dt
dx = acosh tdt = aVcosh®t = a|cosh t| = acosh t acosh t

_ b X
t = argsinh %

=t+c, = argsinh §+C2
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F%= = In(x+Vx2+a%)+c = argsinh X +c

1.ES Vx2+a2 =t—x|t=x+Vx2+a? |x€(—00;00), te€(0;00)
X2+ = 2 2tx+x2 | x
Vdta = t— e =
X——00 t:xﬂrfx(x- \/m)zxﬂrﬁ\(x{ VW)%: lim

x——00 x—1/

t2+a2d
:/Lt:/d—tt =Int+ca=In(x+vx2+a?)+c, xeR, aq€R.

Ao PP I, 2, 0.2 2, 2
-4 2t2t—2(t*—a") 217424 £4a
- dx 22 ) g = 2222 g = L2 e

x—00: t=lim (x+vx?+a?)=00+00=00
x—roc

Pr

Vi

xXER
teR

sinht = %
a

2422
Vx2 4 33:\/32(sinhzr +1) __ | acoshtdt __ dt
= aVcosh®t = a|cosh t| = acosh t acosh t

2t
=t+c=argsinh2+c =In (2+/(£)>+1)+c

__| Subst. x = asinht
dx = acosh tdt

_ b X
t = argsinh %
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7 = In(x+Vx2+2a%)+c; = argsinh 2+ ¢,

t=x+vx2+a? |x€(—o0;00), te(0;00)
#—a? 2t:2t—2(*—a%) 2t%422% 4a®
Bt e = ZEAE ) g = B2 g = S Gl

1.ES Vx2+a2=t—x
x2+a% = t2—2tx+x2
VX2t = t—% =

. = ) e T
x——00: t= lim (x+Vx2+a2)= lim (x+V/x2+2a2)*VX42 — |im
x——00 x——00 x=Vx2+82 " x——oc0 x—y/

:/Ldt:/d—tt =Int+ ¢ =In(x+vx?>+a%)+c;, xER, c1 €R.

x—00: t=lim (x+v/x2+a%)=00+00=00
x—roc

Pr

Vi

xXER
teR

sinht = %
a

2422
Vx2+ a2 = \/32(smh2r +1) a cosh tdt dt
= aVcosh®t = a|cosh t| = acosh t acosh t

2t
=t+c= argsinh£+c, =In (2+ (§)2+1)+c2:In( + X2+22)—|—C2

__| Subst. x = asinht
dx = acosh tdt

_ b X
t = argsinh %
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h funkcii 1l
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d .
Tz = n (x+Vx2+a%)+c1 = argsinh X+
1.ES Vx?+a2 =t—x|t=x+vx?+a? |x€(—o00;00), t&(0;00)
X4 = 2 2tx+x2 == dx = B2A=2AE—a) gy _ 2602 4y - i gy

= 12— Pod _ 20-t4d
N T

t=lim (x+v/x%+a2)=00+00=00

X—00

. ) . —— 2 “] .
X =001 t= lim (x+vx2+a2)= lim (x+Vx2+a?)>=YXte — |im =——(U
e e & x=Vx*+a®  x——o0 x—/ TeeTee

/Ldt /dt =Int+ ¢ =In(x+vx?>+a%)+c;, xER, c1 €R.

Vi

xXER
teR

=t+c= argsinh£+c, =In (2+ (§)2+1)+c2:In( + X2+22)—|—C2

/x2 2
:In EAE/PESET )a(+a +C2

sinht = %
a

2422
2
Vx2+ a2 = \/32(smh2r +1) a cosh tdt dt
= aVcosh®t = a|cosh t| = acosh t acosh t

_ b X
t = argsinh %

__| Subst. x = asinht
dx = acosh tdt

http://frcatel.fri.uniza.sk/ beerb

beerb@frcatel.fri.uniza.sk



mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

10 Int2 Pr.l Pr.ll Pr.ill Pr.IlV Pr.V Pr.V Pr.VI Pr

Integraly iracionalnych funkcii Il

% = In(x+Vx2+2a%)+c; = argsinh 2+ ¢,

x2+a?

1.ES Vx?+a2 =t—x|t=x+vx?+a? |x€(—o00;00), t&(0;00)

2, 2 2_ £-2 2t-2t— 2(: —a%) 2024222 2422
_ | x*+a 2 2t><+)< 5% dx 2t dt = =72 dt = S5 dt
— s 2 > 2.2
Vx2+a? = t— Aot P Iy so0: t=lim (x+ VX2 +a%) =00+00=00
x—>ox

x——00: t= lim (x+vx2+a2)= lim (x+v/x2+a2)x2ia
X—3—00 X——00 x—V/x*ta?

xXER
teR

_ {Subst. x = asinht|sinht =%

dx = acosh tdt

Vx2+ a2 = \/32(smh2r +1) — a cosh tdt dt
t = argsinh % = aVcosh®t = a|cosh t| = acosh t acosh t
- 2 2
=t+c=argsinh 2+c, =In (2+./(£)>+1)+c=In ( 41/ 5= )—|—C2

=In X0VEEE 4 o) =|n (x+VX2+22)—Ina+ o
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% = In(x+Vx2+2a%)+c; = argsinh 2+ ¢,

x2+a?

1.ES Vx?+a2 =t—x|t=x+vx?+a? |x€(—o00;00), t&(0;00)

2, 2 2_ £-2 2t-2t— 2(: —a%) 2024222 2422
_ | x*+a 2 2t><+)< 5% dx 2t dt = =72 dt = S5 dt
— s 2 > 2.2
Vx2+a? = t— Aot P Iy so0: t=lim (x+ VX2 +a%) =00+00=00
x—>ox

x——00: t= lim (x+vx2+a2)= lim (x+v/x2+a2)x2ia
X—3—00 X——00 x—V/x*ta?

xXER
teR

_ {Subst. x = asinht|sinht =%

dx = acosh tdt

Vx2+ a2 = \/32(smh2r +1) — a cosh tdt dt
t = argsinh % = aVcosh®t = a|cosh t| = acosh t acosh t
- 2 2
=t+c=argsinh 2+c, =In (2+./(£)>+1)+c=In ( 41/ 5= )—|—C2

=In XVEE2 4 6, = |n (x+ X2+ 22)—In a—i—cz:{q:f?"“}

a€R, g€eR
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% = In(x+Vx2+2a%)+c; = argsinh 2+ ¢,

x2+a?

1.ES Vx?+a2 =t—x|t=x+vx?+a? |x€(—o00;00), t&(0;00)

2, 2 2_ £-2 2t-2t— 2(: —a%) 2024222 2422
_ | x*+a 2 2t><+)< 5% dx 2t dt = =72 dt = S5 dt
— s 2 > 2.2
Vx2+a? = t— Aot P Iy so0: t=lim (x+ VX2 +a%) =00+00=00
x—>ox

x——00: t= lim (x+vx2+a2)= lim (x+v/x2+a2)x2ia
X—3—00 X——00 x—V/x*ta?

xXER
teR

_ {Subst. x = asinht|sinht =%

dx = acosh tdt

Vx2+ a2 = \/32(smh2r +1) — a cosh tdt dt
t = argsinh % = aVcosh®t = a|cosh t| = acosh t acosh t
. 2 2
=t+c=argsinh 2+c, =In (2+./(£)>+1)+c=In ( 41/ 5= )—|—C2
2 2 —
=In XBXEE 4 o) =In (x+Vvx2+a?)—In a—i—cz:rl*f?"”ﬂ

ca€R, oeER
n(x+vx?+a%)+c, x€R, c;€R.
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Va2 —x2 = V/a%(1 —sin’t)

av/cos? t = a|cos t acost

sint = %
a

t = arcsin %

_ | Subst. x =asint
dx = acostdt

http://frcatel.fri.uniza.sk/ beerb
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sint = %
a

Va2 —x2=a(1—sin’t) }:/ 2C052 tdt

av/cos? t = a|cos t acost

t = arcsin %

| Subst. x =asint
dx = acostdt

2 2 2
— X" 4y — a” dx + —x-x dx
JR—& /\/32,X2 \/aZ,XZ
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Pr

Vi

— Subst. x =asint|sint=2% x€(—aa) |Va?—x2 \/az(l—mn?t) — 2cos2tdt
dx = acostdt |t =arcsinX | te(-3: %) avcos? t = alcost| = acost
_ 2 | 14cos2t
= /72 dt
a% dx + —x-xdx __|Uu=x u'=1
e R P
_ Pz

2 2
— a —x —
- a2 —x2 dX /

\/32 —x2
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— Subst. x =asint|sint=2% x—,(—f;a) Va2 — x2 \/az(l—mn?t) — 2cos2tdt
dx = acostdt |t =arcsinX | te(-3: %) avcos? t = alcost| = acost

_ 52 [ 1l+cos2t __2(t in 2t
—a? [l dr— (5 4 592 4 c

2 2 2

a—x"_ ¢ a” dx —x-x dx u=x
= [2=_dx = 4F =S| ===
Vai-x /\/aLX2 /\/azfx2 [ Ve

:/73722'”‘ - + xva2—x2 — /\/32—x2 dx
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__|Subst. x=asint|sint=7 x—(—f ) | VaZ = x% = Va%(1 —sin’ t) _ 32 COSztdt
dx = acostdt |t =arcsinX | te(-3: %) avcos? t = alcost| = acost

_ 2 | 14cos2t __2(t sin 2t _ﬁ 22°sin t cos t
= /72 dt=2a?(5 + S02t) 4 c=2t 4 22 sintcost 4 ¢

u=1
v=+va—x?

— 2 x? _ 2 dx —x-xdx __|u=x
_/\a/azfx2 dx _/\/aa?fx2 +/\/32,X2 _[V/ Vi
/:/ ?_ = + xva?—x2 — /\/32—x2 dx= ij +xvat—x?—1
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x c(—a: /22 — V21 —sin?D)
— Subst. x = asint |sint =% x€( f,a) Va2 —x Va?(1 —sin®t) — 2C052 tdt
dx = acostdt |t =arcsinX | te(-3: %) avcos? t = alcost| = acost
_ 2 | 14cos2t __2(t sin 2t _ﬁ 22°sin t cos t
=2 [ et dr=—a%(4 + Spst) =3  2=shfcot 4o

:% -+ asint-;cost +c

u=1
v=+va—x?

2.2 2
— X" 4y — a® dx + —x-xdx :[“/ <
JR—& /\/32,X2 \/aZ,XZ V= Tre

2 2

I= [ 22 1 xv/a2—x2 — [Va2—xZdx= [ 2 4 x\/a2—x2 — |,

\ a2 —x? \/ﬁ

. 7 2
t.j. rovnica s nezndmym parametrom [: 2/ =x+v/a?—x2 + /ﬁ
[P —s
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L x X
5 arcsin 2 aF

— Subst. x =asint|sint=2% x€(—aa) |Va?—x2 \/az(l—mn?t) — 32 C052 tdt
dx = acostdt |t =arcsinX | te(-3: %) avcos? t = alcost| = acost
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/x2fa2dx =27 X;732—§ In |x+vx2—a2|+c

_ _x 05 B — A — 2 2 ’ 0
— Subst. x = acosht|cosht =% x € (a;00) | VX a V a*(cosh”t — 1) — 22 Slnh2 tdt
dx = asinh tdt | t = argcosh % | t€(0; o0) = aVsinh? t = a|sinh t| = asinh t
_ .2 [ cosh2t—1 __ ,2(sinh2t _ t _2azsinh tcosht ﬁ
=a /72 dt=a? (S5t — £) 4 ¢y =2 sinhtcosht _ &% | ¢
__asinh t-acosh t 2%t _ xy/x2=a? & X
—ffTJrq—iz 2argcoshaJrcl
2 #:‘H(X#»\Xz*a?)*‘ﬂa} :(*)

argcosh g:\n(iv\/(é)zfl)zlnk
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Xe(’”"ﬂ*— ViZ—a2dt= — V2 tz 2 +%2 argcoshg—l-Cl
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= Subst. x=—t
dx=—dt | t€(a; 00)
oy fo—? o -1 il
- = argcoshgzargcosh’TX:In(’TXA\/’(%)2—1):\n[\/’7x’;‘72—ﬂ:Ini\/x <
o x+vVx2—a2 <0 =In \mix\xlﬂ#len L S —2__=Ina \n‘x}vﬂ‘ _(*)
2 V/x2—attx a(x+4/x2—a%) x+y/x2—2
2 2 2 2 2
Xy a—x a / a‘lna = o
(*):Q_7|n|x+ X2_32|+T+C1:{c 2{ QR
CER, €

Xi”xzzfaz—%z In |x+Vx2—a2|+c, x€(—o0; —a) U (a;0), cER.
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=|,= .
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u'=1
v =1Vx2-22
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A /X2—82
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a
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VxZ+ a2 = \/a¥(sinh’ £ + 1) } :/32 cosh? t dt

= aVcosh®t = acosh t| = acosh t
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t = argsinh %
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terR
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:a2/cosh22t+1 dt=2a (5|nh2t + ) + ¢
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terR
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:a2/cosh22t+1 dt=2a (5|nh2t 4 ) +c= 2a smh4tcosht + aTt +q
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dx = acosh tdt
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= aVcosh®t = acosh t| = acosh t

__ 42 [cosh2t+1 __ ,2(sinh2t t __2a’sinh tcosh t a°t
*a/ FEdt=2" (T + 5) + a= 4 +5 ta

__ asinh t~23cosht 4 % 4 @
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dx = acosh tdt
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3 —argsmh +a

= xed "’72 In(2++/(X)2+1) + a1

:xivx;-i-a?_'_azl [g_’_ x2+a}+cl
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P 2 2 /x21 32 2 /x2132
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_ {Subst x = asinht|sinht =%

dx = acosh tdt

VxZ+ a2 = \/a¥(sinh’ £ + 1) } :/32 cosh? t dt

= aVcosh®t = acosh t| = acosh t

t:argsinh;
__ 42 [cosh2t+1 __ ,2(sinh2t t __2a’sinh tcosh t a°t
*a/ FEdt=2" (T + 5) + a= 4 +5 ta
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__ asinh t~23cosht 4 aTt +c X\/X +a? _|_ a° argsmh e

21 32 2
=255 4 g n(3+ VP +a
P 2 2) /x21 32 2 /x2132
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21 52 = 2hna
:X\/X2+3 +a (X_i_\/m)_a Ina ClZ{C;;‘CfR }
ER, €

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il

/X2+a2 dx = X4 4 2 ® In (x+Vx2+a2)+

— Subst. x = asinht|sinht =% ER|VxZ+ a2 = \/32(5|nh2t +1) — a2 C05h2 tdt
dx = acosh tdt t:argsinh; teR| =aVcosh’t = alcosht| = acosht

. 2
:a2 cosh 2t+1 dt:a2(smh2t 4 ) @ 2a smh tcosht + a‘t +q
2 22 2
. 2
__ asinh t~23cosht 4 aTt +c X\/X +2a2 4 a argsmh e

m—f— Z In(2+/(2)?+1) + o

2) /x21 32 2 /x2132
—Ea}_i_clzx x2+a +%Inx+ ;<+a +C1

= =T 4 20 (e VAT )~ Lt o =[]
xVo0He | 2 |n (x+/x2+a2)+c, xER, cER.

21 32 2
:AXV><2+a +%|n{§+

iza.sk/ beerb
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_ x2+32 _ x2 dx 2% dx _ x-x dx 2% dx
_/ x2+a2 dx= x2-+a2 + Va—x? | Vxe+a? + Va2—x2
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/x2—|-32 dx

2, .2 2 2 2
_ x“+a _ x“ dx a“ dx x-x dx a” dx
/ x2+a2 dx x2+a2 22 Vx2+a2 22
a2 —x a2 —x

=)= {X\/X2+a2 ; /\/X2+32 dx} + \/%

_ 2 2 a° dx
=xVx%+a I+. Wi
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Vx2++a?dx

2, .2 2 2 2
_ x“+a _ x“ dx a“ dx x-x dx a” dx
/ x2+a2 dx x2+a2 22 Vx2+a2 22
a2 —x a2 —x

=)= {X\/X2+a2 ; /\/X2+32 dx} + \/%

2
=xVx24+a%2 — |+ aTTaz'

2
. i Z . _ 2 2 a‘ dx
t.j. rovnica s neznamym parametrom [: 2l=xv/x?+a% + e
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Vx2++a?dx

2, .2 2 2 2
_ x“+a _ x“ dx a“dx x-x dx a” dx
/ x2+22 dX_/ x2-+a2 + Va—x? _/\/><2Jra2 + Va2—x2

=)= {X\/X2+a2 ; /\/X2+32 dx} + \/%

2
=xVx24+a%2 — |+ aTTaz'

2
. g 4 . 2 a‘ dx
t.j. rovnica s neznamym parametrom [: 21=xv/x%2+ a2 +/ e

_X\/m é dx
= =53 =
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I:/x2—|—a2 dx = Xi 4 %2 In(x + x2—|—32) 4+ e

2, .2 2 2 2
_ x“+a _ x“ dx a“dx x-x dx a” dx
/ x2+22 dX_/ x2-+a2 + Va—x? _/\/><2Jra2 + Va2—x2

=)= {X\/X2+a2 ; /\/X2+32 dx} + \/%

e 2
= X2+327I+ ‘/iZ(il:azv

2
. i Z . _ 2 2 a‘ dx
t.j. rovnica s neznamym parametrom [: 2l=xv/x?+a% + e

x2+a2

_ I:X7«/X2T+32+%2/ dx :x\/x22+a2+%2|n(x+\/m)+cy

x€(—o0;a)U(a;0), ceER.
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Integraly goniometrickych funkcii

o Ak integrand obsahuje iba goniometrické, resp. iba hyperbolické funkcie,
potom integrovanie nebyva problematické ale vacsSinou pracne.
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Integraly goniometrickych funkcii

o Ak integrand obsahuje iba goniometrické, resp. iba hyperbolické funkcie,
potom integrovanie nebyva problematické ale vacsSinou pracne.

o Ak integrand obsahuje iba goniometrické funkcie, na zracionalizovanie
sa pouziva Univerzalna goniometricka substiticia t=tg 3.
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Integraly goniometrickych funkcii

o Ak integrand obsahuje iba goniometrické, resp. iba hyperbolické funkcie,
potom integrovanie nebyva problematické ale vacsSinou pracne.

o Ak integrand obsahuje iba goniometrické funkcie, na zracionalizovanie
sa pouziva Univerzalna goniometricka substiticia t=tg 3.

Integraly typu /f(sin X, COS X) dx.®
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Integraly goniometrickych funkcii

o Ak integrand obsahuje iba goniometrické, resp. iba hyperbolické funkcie,
potom integrovanie nebyva problematické ale vacsSinou pracne.

o Ak integrand obsahuje iba goniometrické funkcie, na zracionalizovanie
sa pouziva Univerzalna goniometricka substiticia t=tg 3.
Integraly typu /f(sin X, COS X) dx.®

UGS [Univerzalna goniometricka substiticia] £ = tg %, X e (77T+2kﬂ', ’/T+2k7T), k€ Z.
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o Ak integrand obsahuje iba goniometrické, resp. iba hyperbolické funkcie,
potom integrovanie nebyva problematické ale vacsSinou pracne.

o Ak integrand obsahuje iba goniometrické funkcie, na zracionalizovanie
sa pouziva Univerzalna goniometricka substiticia t=tg 3.
Integraly typu /f(sin X, COS X) dx.®

UGS [Univerzalna goniometricka substiticia] £ = tg %, X e (77T+2kﬂ', ’/T+2k7T), k€ Z.

x#m42km, te(—oo;00), arctgt=3, x=2arctgt,
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o Ak integrand obsahuje iba goniometrické, resp. iba hyperbolické funkcie,
potom integrovanie nebyva problematické ale vacsSinou pracne.

o Ak integrand obsahuje iba goniometrické funkcie, na zracionalizovanie
sa pouziva Univerzalna goniometricka substiticia t=tg 3.
Integraly typu /f(sin X, COS X) dx.®

UGS [Univerzalna goniometricka substiticia] £ = tg %, X e (77T+2kﬂ', ’/T+2k7T), k€ Z.

x#m+2km, te(—oo;00), arctgt=35, x=2arctgt, dx:tzzitl,

sin x

COSs X
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o Ak integrand obsahuje iba goniometrické, resp. iba hyperbolické funkcie,
potom integrovanie nebyva problematické ale vacsSinou pracne.

o Ak integrand obsahuje iba goniometrické funkcie, na zracionalizovanie
sa pouziva Univerzalna goniometricka substiticia t=tg 3.

®

Integraly typu /f(sin X, cos x) dx.

UGS [Univerzalna goniometricka substiticia] £ = tg %, X e (77T+2kﬂ', ’/T+2k7T), k€ Z.

x#m+2km, te(—oo;00), arctgt=35, x=2arctgt, dx:tzzitl,

o ) o %
smx_2$|n2cos2

cos x =cos? £ —sin?

X
2 2
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o Ak integrand obsahuje iba goniometrické, resp. iba hyperbolické funkcie,
potom integrovanie nebyva problematické ale vacsSinou pracne.

o Ak integrand obsahuje iba goniometrické funkcie, na zracionalizovanie
sa pouziva Univerzalna goniometricka substiticia t=tg 3.

Integraly typu /f(sin X, COS X) dx.®

UGS [Univerzalna goniometricka substiticia] £ = tg %, X e (77T+2kﬂ', ’/T+2k7T), k€ Z.

x#m+2km, te(—oo;00), arctgt=35, x=2arctgt, dx:tzzitl,

in X x
2sin 5 cos 3

sin? ¥ 4cos? X

o ) o g
smx_2$|n2c052— z

2 x 22 x
. COS™ 5 —SIn™ &
cos x =cos? § —sin ¥ = 252 2

2 sin? ¥ 4cos? ¥
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o Ak integrand obsahuje iba goniometrické, resp. iba hyperbolické funkcie,
potom integrovanie nebyva problematické ale vacsSinou pracne.

o Ak integrand obsahuje iba goniometrické funkcie, na zracionalizovanie
sa pouziva Univerzalna goniometricka substiticia t=tg 3.

Integraly typu /f(sin X, COS X) dx.®

UGS [Univerzalna goniometricka substiticia] £ = tg %, X e (77T+2kﬂ', ’/T+2k7T), k€ Z.

x#m+2km, te(—oo;00), arctgt=35, x=2arctgt, dx:tzzitl,

-

in X x
2sin 5 cos 3

T °

in2 X 2
sin® 5 +cos” 5

a
3

- %)
ol

o ) o g
smx_2$|n2c052—

(N

a
3
NI

cos x =cos? ¥ —sin® £ =

cos? %—sin2 53 cos? X
2 T

o 2 x
sin® 5 +cos* 5
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Integraly goniometrickych funkcii

o Ak integrand obsahuje iba goniometrické, resp. iba hyperbolické funkcie,
potom integrovanie nebyva problematické ale vacsSinou pracne.

o Ak integrand obsahuje iba goniometrické funkcie, na zracionalizovanie
sa pouziva Univerzalna goniometricka substiticia t=tg 3.

®

Integraly typu /f(sin X, cos x) dx.

UGS [Univerzalna goniometricka substiticia] £ = tg %, X e (77T+2kﬂ', ’/T+2k7T), k€ Z.

x#m+2km, te(—oo;00), arctgt=35, x=2arctgt, dx:tzzitl,
1

i : 2sin % cos % cos2 X 2tg X
X X — 2 2, 2 _ 3
Sinx=25in 3 COS 3 = S g reos’ =2y 3l
1
2 X _gin? X X 2 x
= 2 X . 2 x _ COs” 5—sin” 5 cos® 3 1—tg® %
COSX=COS™ 5 —SIN" 5 =52 X+tcos? £ 1 tgZ 5+1
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Integraly goniometrickych funkcii

o Ak integrand obsahuje iba goniometrické, resp. iba hyperbolické funkcie,
potom integrovanie nebyva problematické ale vacsSinou pracne.

o Ak integrand obsahuje iba goniometrické funkcie, na zracionalizovanie
sa pouziva Univerzalna goniometricka substiticia t=tg 3.

®

Integraly typu /f(sin X, cos x) dx.

UGS [Univerzalna goniometricka substiticia] £ = tg %, X e (77T+2kﬂ', ’/T+2k7T), k€ Z.

x#m+2km, te(—oo;00), arctgt=35, x=2arctgt, dx:tzzitl,

1
2sin 5 cos 3 cos?
T

_2tg5 2t
T tg? 3+1 7 241

(N1

i e =D i & x _ .
sinx=2sin 5 cos 5 = 5

in2 X 2
sin® 5 +cos” 5

C052

NIX

2 X _gin2 x 2 x g2 X 2
_ 2 x 02 x _ COST5—sin” 3 cos? 5 1—tg" 35  1_¢
CEEX=E0T" 5 =" 5 = Fp 5 tcos? % - T tg? 541 t2+1
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Integraly goniometrickych funkcii

t=tgy sinx#0

x#km, keZ

2

dx= 1

_ [ucs: X € (=7 + 2km; 0 + 2k), t€(—o0;0)
S

x € (0 + 2km; 7 + 2k), te(0; 00)

2dt
241

_ dx
- in X X
2sin 5 cos 5

sinx=

__ [ sinxdx
sin2 x
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Integraly goniometrickych funkcii

2dt
_ UGS: t=tg 3 X € (—m + 2km; 0 + 2km), t€(—00;0) | sinx#0 _ 241
dx=2% | sinx= 227 | x€ (0 + 2km; m + 2kn), t€(0i00) | xFkm, keZ Fa
_ dx __ | Subst. t=%|x€(0+km;m+km) |sinx#0, ke Z
2sin 5 cos 3 dt=9| ¢ mo T kn) | xokm, £ kR

_ [sinxdx __ [ sinxdx
sin2 x 1—cos? x
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Integraly goniometrickych funkcii

__ | uGs: t=tg 3 € (—m + 2km; 0 + 2km), t€(—00;0) | sinx#0 241 dt
dx=29 | sinx= 225 @(omm {2km), te(0;00) | x#km, keZ tz% - t
_ __ | Subst. t=3|xe (O+k” m+km) |sinx#0, keZ | __ dt
2sm2cos2 de=2 |t knom k) | x#km, t#% | © [ sintcost
[ (cos®t+sin t)dt
- sin t cos t
_ SInXdX __ [ sinxdx __ [Subst. t=cosx|xe(0+km;7w+km)|sinx#0
sin? x 1—cos? x dt=—sinxdx |te(~1;1) x#km, keZ
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2dt
__ | uGs: t=tg 3 X € (—m + 2km; 0 + 2km), t€(—00;0) | sinx#0 241 dt
dx=2% | sinx= 227 | x€ (0 + 2km; m + 2kn), t€(0i00) | xFkm, keZ A

=In|t|+
_ dx __ | Subst. t=3%|x€(0+km;m+kn) [sinx#0, keZ | __ dt

2sin 5 cos 3 dt=2| te (0+58; 2+ A7) | x#kn, t£4E sin t cos t

2.0 .

_ [ (cos’t+sin’t)dt _ [costdt [ —sintdt
- sin t cos t - sin t cos t
_ sinxdx __ [ sinxdx __ [Subst. t=cosx |x€(0+km;m+km)|sinx#0 _ | —dt __ dt

sin? x 1—cos? x dt=—sinxdx | te(~1;1) x#kr, keZ 1-t? t2—1
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Integraly goniometrickych funkcii

r.V

__ | uGs: t=tg 3 € (—m + 2km; 0 + 2km), t€(—00;0) | sinx#0 _ 211 dt
dx=29 | sinx= 227 | x L(o F2kmm 4 2km), t€(Oio0)  |xkm kez| [ P | E
=In|t|+
_ dx __ | Subst. t=3%|x€(0+km;m+kn) [sinx#0, keZ | __ dt
2sin 5 cos ¥ dt=9|te (04+4%; T+4n) | x#km t£% | — [ sintcost
_ [ (cos’t+sin’t)dt _ [costdt [ —sintdt _ :
7/ sin t cos t - sin t cost |n|5|n t| |n‘COSt‘+C1
=In|tgt|+a
— sin x dx — sinxdx __ [Subst. t=cosx |xé&(0+km;w+km) sinx;O dt
sin? x T—cos? x dt=—sinxdx | te(~1;1) x#kr, *t2
= In{t+1|+cz In—1+t+cz
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Integraly goniometrickych funkcii

1—cos x
sinx =1In ‘tg 2! ta= 7' 14-cos x t+c

t=tg 3
sinx=;

(——+2k-r 0+ 2km), te(—oc;0)
€(0 + 2km; w4 2km), t€(0; 00)

sin x#0
x#km, keZ

2
i1

_ 2dt
dx=3555

_ [ucs:

2dt
— [ Za _ [dt
— 4L =
t
241

=In|t|+c = In |tg§y +c1, x€R—{km, k€Z}, c1€ER.

_ dx __ | Subst. t=3%|x€(0+km;m+kn) [sinx#0, keZ | __ dt
" [ 2sinjcosy T dt=% | te (0+4 T+ 40) | x#km, t#£% | — [ sintcost
(cos’t+sin’t)dt _ [costdt —sintdt __ .
sin t cos t - sin t cost |n|S|n t| |n‘COSt‘+C1

=Inltgt|+c = In|tg %[+c1, xER—{km, k€Z}, c1ER.

_ [sinxdx __ [ sinxdx _ [Subst. t=cosx|x€(0+km; m+km)|sinx70 dt
sin? x 1—cos? x dt=—sinxdx | te(~1;1) x;’kkaZ 7t2 21

_ 1 1 _ 1 1—cosx

- |n{t+1| +te=3lng I+t ite=;ln e (2

xeR—{km, keZ}, ER.
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Integraly goniometrickych funkcii

= X

t=tg}
_1-f
COSX =777 | X

{2k, %\2/(7:),1‘(:( 00; 1) X(:(%-2k7f;ﬂ'\2kﬂ),tC(1;X)
(=3 +2km; T+2km), te(—1;1) cosx#0, x# 5 +km, keZ, t#+1

_ | UGS:
T | dx= 24t

2+1

m

— [ cosxdx
cos? x
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__ [ues: t=tg% x € (—m+2km; —F+2km), t€(—o0; 1) | x € (5 +2km; m+2km), te(1;00)
dx:tzzifl cosx:% XC( %}2kﬁ;%}2kﬁ),tc( 1;1) cosx#0, x# 5 +km, keZ, t#+1

2dt
_ 241
_/1—r2
241
_ cosxdx __ cos x dx
- cos?x [ 1—sin?x
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Integraly goniometrickych funkcii

XC( T+2kT; %\2/(7:),1‘(:( 00; 1) X(:(%-2k7f;ﬂ'\2kﬂ),tC(1;X)
%}2kﬁ),tC( 1;1) cosx#0, x# 5 +km, keZ, t#+1

>
cosx=1t | xe( 2 +2km;

Xe

>+ km; %+k7.’)
te(—1;1)

cosx#0
x#5+km, keZ

_ cosxdx __ cos xdx __[Subst. t=sinx
cos? x 1—sin? x dt=cos x dx
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Integraly goniometrickych funkcii

x € (—=m+2km; = +2km), t€(—o0; 1)
x € (=5 +2km; 3+2km), te(—1;1)

2dt *
&1 [2de _ 2 |t71|
_/l—rz = /t2—1 =—sln|izz|+a
241

XC(% +2kr; w+ Qkﬂ), te(1;00)
cosx#0, x# 5 +km, keZ, t#+1

cosx#0

x#5+km, keZ

x€ (—=Z+km; T+kn)
te(—1;1)

_ cosxdx __ cos xdx __[Subst. t=sinx
B cos’x 1—sin?x dt=cos x dx
— de dt
= 1-t2 2—1
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__ [ues: t=tg% x € (—m+2km; —F+2km), t€(—o0; 1) | x € (5 +2km; m+2km), te(1;00)
o szfﬂi cosx:% XC( %}2kﬁ;%}2kﬁ),tc( 1;1) cosx#0, x# 5 +km, keZ, t#+1
2dt "
= [ =[5 = -3n|EH+a =& +a
241

— cosxdx __ cosxdx __ Subst. t=sinx|x€(—%+km; Z+kn)
cos? x 1—sin? x dt=cosxdx |te(—1;1)

dt dt _
/1—t2__/t2—1 - In‘t+1’+c2 —7|n 1+t+c2

:;Inl“—t—q

cosx#0
x#5+km, keZ
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1+4sin x
ln 1—sinx t+ o

__ [ues: t=tg% x € (—m+2km; —F+2km), t€(—o0; 1) | x € (5 +2km; m+2km), te(1;00)

o szfﬂi cosx:% XC( %}2kﬁ;%}2kﬁ),tc( 1;1) cosx#0, x# 5 +km, keZ, t#+1
t%itl 24t t+1 g 2+1

_/ltzﬁ — /t2—1_ In|t+1|+c In’ |+c = In ‘+C1,

XeER — {%—Fkﬂ', T+2kT, kGZ}, ca€ER.

_ cos x dx _ cos x dx — Subst. t=sinx|x€(—Z+km; Z+kn) |cosx#0
cos? x 1—sin? x dt=cosxdx | te(—1;1) x#Z+km, keZ
o de [ A _1
- /1—1&2 - /t2—1 - |n ‘ t+1’ tae= |n 1+t ) €2
_ 1 1+t 1+4sin x _ =
=i +o=1In{E 4 o xeR—{5+km, keZ}, ER.
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dx
1+sin x
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dx
1+sin x

x € (—m+2km; —F +2km), tE€(—o0; —1)
x € (=5 +2km; m+2km), te(—1;00)

sinx#—1, keZ
x# =5 +2km

_ (1—sin x) dx
| (1—sinx)(1+sin x)
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dx
1+sin x

x € (—m+2km; —F +2km), tE€(—o0; —1)
x € (=5 +2km; m+2km), te(—1;00)

sinx#—1, keZ
x# =5 +2km

2dt
— t241
12t

+ 241

_ (1—sinx)dx [ (1—sinx)dx
| (1—sinx)(1+sinx) 1—sin? x
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dx
1+sin x

x € (—m+2km; —F +2km), tE€(—o0; —1)
x € (=5 +2km; m+2km), te(—1;00)

sinx#—1, keZ
x# =5 +2km

2dt
— t241
12t

+ 241

_/ (1—sin x) dx _/(1—sinx)dx _/(1—sinx)dx
| (1—sinx)(1+sinx) 1—sin?x cos? x
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dx
1+sin x

2dt
_ 241 2dt _ [Subst. u=t+1
= A GO du=dt
1 .

x € (—m+2km; —F +2km), tE€(—o0; —1)
x € (=5 +2km; m+2km), te(—1;00)

sinx#—1, keZ
x# =5 +2km

2dt
— t241
12t

+ 241

te(—oo; —1), u&(fx;O)]
x€(—1;00), t€(0; 00)

_ (1—sinx)dx _ [(1=sinx)dx __ [(1—sinx)dx _ dx + — sin x dx
| (1—sinx)(1+sinx) 1—sin?x cos?x [ cos?x cos? x
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dx
1+sin x

__|UGS:
T |dx=

* 2dt
_ 241 2dt _ [Subst. u=t+1
T gt (1) T du=dt

te+1

sinx#—1, keZ
x# =5 +2km

x € (—m+2km; —F +2km), tE€(—o0; —1)
x € (=5 +2km; m+2km), te(—1;00)

t&ﬁ(fx;fl),u&(fx;O)]:%/i]Tg:z U72dU

xe(—1;00), te(0;00)

t=tg3

2t
[l

2dt

sinx=

_ (1—sinx)dx _ [(1=sinx)dx __ [(1—sinx)dx _ dx + — sin x dx
| (1—sinx)(1+sinx) 1—sin?x cos?x [ cos?x cos? x

x€(0+2km; 3+2km), te(0;1) |x€(F+2km; m+2km), te(—1;0) | cosx#0
x € (m+2km; Z42kr), t€(—1;0) | x€ (3E+2km; m+2km), t€(0;1) |x#Z+km, keZ

__| Subst. t=cosx
dt=—sinxdx
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sinx#—1, keZ
x# =5 +2km

dx
1+sin x
x € (—m+2km; —F +2km), tE€(—o0; —1)
x € (=5 +2km; m+2km), te(—1;00)

* 2dt
_ 211 2dt _ [Subst. u=t+1|te(—o0;—1), ue(—00;0)] __ du —2
_/w _/(t+1)2 _{ du=dt =2 2fu="du
1 . .
u

x€(—1; 00), t€(0; 00)

_ (I=sinx)dx _ [(A=sinx)dx _ [(I1=sinx)dx _ dx + — sin x dx
| (1—sinx)(1+sinx) 1—sin?x cos? x cos? x cos? x

_ Subst t=cos x | x € (0+2km; T +2km ) te(O 1) ; +2k"\ tﬁ{fl:O) cosx #0 ]

dt=—sinxdx | x € (7 +2km; 5+2km) , t€( te(0;1) x#5+km, keZ

_ d dt 2
_/cos);x +/t /cos2 /t dt
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dx
1+sin x

_ {ucs;

sinx#—1, keZ
x# =5 +2km

x € (—m+2km; —F +2km), tE€(—o0; —1)
x € (=5 +2km; m+2km), te(—1;00)

te(—o0; —1), u&(*x§0)]:2\/%:2 U72dU

x€(—1; 00), t€(0; 00)

x
t=tg;
dt A __2t
1| SinX=g17

* 2dt
_ 241 2dt _ [Subst. u=t+1
o m— (t+1)2 — du—=dt
2+

_ — — 2 — (2
=24 1+C1 = 5=C~ 71

_ (I=sinx)dx _ [(A=sinx)dx _ [(I1=sinx)dx _ — sin x dx
| (1—sinx)(1+sinx) 1—sin?x cos? x coszx cos? x

XH(O‘FQk’T 5 +2km ) te(0;1) |xe(Z ;m+2km), te(—1;0) | cosx#0
dt=—sinxdx | x € (m+2km; Z+2kr), t€(—1;0) | x€ (3£ +2km; m+2km) x#5+km, keZ
2

€(0;
:/cods)2<><+/t /cos2 /t dt= th+*+C2—th**+C2

_ Subst t=cos x
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dx
1+sinx

__|UGS:
" |dx=2d

XF(*TV?k/,*:va ), 6( -1)
x € (=5 +2km; m+2km), te(—1 )

" 2dr
_ 241 2dt _ [Subst. u=t+1
T 2aa T (t41)2 T du=dt
241 .

1
2

sinx#—1, keZ
x# =5 +2km

te(—o0; —1), u€(—00;0)] __ du __ -2
xe(—1;00), t&(0;00) ]—2/u2—2'/u du
2 2
T T g
X € R—{—%—i—zkﬂ‘, T+ 2k, kGZ}, ca€ER.

(I=sinx)dx _ [(A=sinx)dx _ [(I1=sinx)dx _ — sin x dx
(1—sinx)(1+sinx) — 1—sin?x cos? x coszx cos? x

__ | Subst. t=cosx x':(\0+2k7r‘§+2k7),te(O;l\t ) | cos x#0
x#Z+km, keZ

dt=—sinxdx | x € (m+ 2k>'7{2kw),tc‘( 1;0) | x
+ [t~2dt=t x+t;1+C*t x—14¢
cos2 - cos2 =g -1 2=1g t 2

—_ sin x _

1
T cosx cos x _Slgo);x + c, xeR — {%—i_kﬂ-’ kEZ}, C2ER'

x
t=tg X
smx*%

x€ (3 +2km; m+2km), t€(—1;0)
i(ﬁ\EkT’ﬂ\Zk*, te(0;
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Integraly goniometrickych funkcii

dx
1+cos x
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Integraly goniometrickych funkcii

dx
1+cos x

{UGS-

X €(—m+2km; m+2kT), teR
cosx#—1, x£mw+2km, keZ

_ t=tgs

_ 2dt
dX*t’ i

— dx

2cos? §
_ (1—cos x) dx _ [ (@Q—=cosx)dx _ [(l1—cosx)dx __ dx [ cosxdx
[ (1—cosx)(1+cosx) 1—cos?x sin? x — [ sin?x sin? x

_1-#
COSX = gy
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Pr.ll

11 UGS Pr.I

Integraly goniometrickych funkcii

dx

1+cos x

2dt
t=tg3

dx=2 cosx =

{UGS-

t’}l

Pr. 1l

X € (—m+2km; m+2km), tER _ 21
cosx#—1, x£r+2kn, keZ | 1+1t;ﬁ

Pr.IV Pr.V Pr.V

2dt
_ 241
- 2
241

cosx#—1, keZ
X F#m+2km

€ (—m+2km; m+2km)
—Z+km; S 4km)

_ (1—cos x) dx _ [ (@—=cosx)dx __ [ (1—cosx)
| (1—cosx)(1+cosx) l1—cos?x sin? x

| Subst. x € (—m+2km; —F+2km), te(—1;0)
dt=cosxdx | x€ (0+ 2km; 5+ 2k7>‘ te(0;1)

t=sinx X
-
xe(2

€ (—2 +2km; 0+2kn)
(Z 4 2km; m4-2kr)

cos x dx
sin2 x Tsin?x
, t€(—1;0) |sinx#0
tc(O‘ 1) x#km, keZ

niza.sk

http:/ /frcatel.fri
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11 Pr.ll

Integraly goniometrickych funkcii

UGS Pr.I

dx
1+cos x

2d
_ | UGS |t=tg3 X € (—m+2km; m+2km), teR] 34
B dx=3 cosxf— cosx#—1, x£n+2km, keZ | 1+1;f2

241

Pr. 1l

Pr.IV Pr.V Pr.V

2dt
_ 241 __
= L =
241

x € (—m+2km; m+2km)
—Z+km; S 4km)

cosx#—1, keZ
x#m+2km

= /c052 t

dt

(1—cos x) dx
(1—cos x)(1+cos x)

_ [ (@—=cosx)dx __ [ (1—cosx)
- 1—cos2x sin? x

__ | Subst. t=sinx X‘*(*"*2kr Z42km), te(—1;0)| x € (—F+2km; 0+2km)
dt=cosxdx | x€ O 2km; 5 +2km > te(0;1) xC(%{Zk*i{ka),

_ dx . —2

— [ sin?x / /5|n2x /t dt

cos x dx
sin2 x Tsin?x
, t€(—1;0) |sinx#0
tc(O‘ 1) x#km, keZ
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

dx
1+cos x

2d
UGS t=tgX |xe(—m+2kmr+2kn), teR] _ =5 tzH s
= _ = —
dx= t2)dt1 cosx=1 }fi cosx#—1, x#m+2km, keZ il 1):24:1 t2+1
=t4+c

x € (—m+2km; m+2km)
te (=5 +km 5+km)

cosx#—1, keZ
X F#m+2km

:/coszt_tgt+c
(1—cos x) dx _ [ (@—=cosx)dx __ [ (1—cosx)dx cos x dx
(1—cos x)(1+cosx) — 1—cos?x sin? x sinZ x “sinZx

Subst. t=sinx Xt(7772kr 5‘+2kﬁ\;, €(-1;0) | xe 75+2kn 0+ 2k“ , t€(—1;0) |sinx#0
dt=cosxdx | x € (0+2km; 5+2km), t”(O 1) x € (5 +2km; m+2km) , tC(O 1) x#km, keZ

:/siggxf/%:/w12 /t 2dt_—cotgx——+q——fcotngrcz
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Integraly goniometrickych funkcii

_dx
1+cos x

. {UGS-

2dt 2dt
X € (—7m42km; m+2km), teR] 21— [Z1 gy
= ([ = [[BE =
=t | cosx#—1, x#m+2km, keZ 1+1):2+t1 o

t+c =tg3+ca, xeR—{n+2km, keZ}, qeR.
(—m+2km; m+2km) | cosx#—1, ke Z

— dx __|Subst. t=%|xe€
2cos? 5 dt=% | te(~F+km I+kn) |x#Am+2kn

=tgy+c, xER— {7r+2k7r, keZ}, c€R.

_ (1—cos x) dx _ [(@—=cosx)dx __ [ (1—cosx)dx cos x dx
[ (1—cosx)(1+cosx) 1—cos?x sin? x sinZ x sin? x

Subst. t=sinx |x& (—m+2km; —5+2km), te(—1;0)|xe(—5+2km; 0+2kr) , te(—1;0)

xC(O-Zk»'% +2km > te(0;1) xf<;{2kr*{2k-r) tC(O‘l,\

:/si:;(xi/% :/si:;( */tfzdt:*cotgx7%+62 = %7COth+C2
locosx | o, x€R — {n+km, keZ}, c.€R.

sin x sin x sin x

=tgt+c

cos2 t

sinx#0
x#km, keZ

dt=cos x dx

I
—
[a}
[e]
@
x

+
&)
||
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Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk/ beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

[ (cos® x—sin® x) dx
- sin® x-cos* x
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Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

:/(cos2 x—sin® x) dx _ [UGS. t=tg%

sinx= -2t

o) x € (—m+2km; m+2kr), tER, keZ

£ | sin® x+cos* x>0 pre vietky x€R

sin® x+cos? x dx— 24t

1
ey | COSX=1
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin® x+cos* x
(cos® x—sin® x)dx _ [UGS: t=tg5 |sinx=25 |xe&(—m+2km;n+2kr), teR, keZ
dx=239% |cosx=1; ‘Li sin® x-+cos* x>0 pre vietky x€ R

[(1—#)2, (@1)? } 24t
(2+1)2  (2+1)21 211
=
(£2+1)4

/ sin% x+cos? x

@0t
(2+1)%

B
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin® x+cos* x
(cos® x—sin® x)dx _ [UGS: t=tg5 |sinx=25 |xe&(—m+2km;n+2kr), teR, keZ
dx=239% |cosx=1; ‘Li sin® x-+cos* x>0 pre vietky x€ R

/ sin% x+cos? x
[(17:2)27 (2t)2 } 24t o162+t 4o
(241)2  (2+1)2] 241 (12+1)3
16t4+1—4t216t% 4618
(£2+1)4

@yt | (=)
(2+1)% " (241)4

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb
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Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

sinx= -2t

o) x € (—m+2km; m+2kr), tER, keZ

sin* x+cos® x>0 pre vietky x € R

= 2
+1

(cos® x—sin® x)dx _ [UGS: t=tg%
sin x+cos* x T dx=2dt
=2 92 ] 24t 1-62+¢
[(tzﬂ)z (rzﬂ)z} Fhg 2 Eap Ut —9 (1—262+t*—4%)(£°+1) dt
16t4+1—4t216t% 416448 T t8—404-22t4 —4t2+1
(£2+1)4

cosx= },

@yt | (=)
(2+1)% " (241)4
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin® x+cos* x
(cos® x—sin® x)dx _ [UGS: t=tg5 |sinx=25 |xe&(—m+2km;n+2kr), teR, keZ
dx=239% |cosx=1; ‘Li sin® x-+cos* x>0 pre vietky x€ R

/ sin% x+cos? x

-2y @)% 7 24t 1-6624¢4

[(z2+1)2 7(r2+1)2} 241 2@y dt -2 (=204t —4?)(P4+1)dt _
ot (-2 166411 —4r2 1664 4648 T 841042214 —4t2+1

(0% T (218 (2+1)F

Ako vidime, tymto smerom pre normalneho smrtelnika cesta rieSenia nevedie
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

(cos® x—sin® x)dx _ [UGS: t=tg5 |sinx=25 |xe&(—m+2km;n+2kr), teR, keZ
sin® x+cos® x dx=239% |cosx=1; ‘Li sin® x-+cos* x>0 pre vietky x€ R
@=t? (1) } 24t 1662414
[ t241)2 241)2 ) 241 2 t2+1)3 dt _ 1—224+t*—42) (2 +1) dt
()7~ (2+1) _ @2+1) 2 — ...
et | (-2t 166t 41 -4 6% 4648 B4t —4r2+1
E+1)% T (2418 (2+1)%

Ako vidime, tymto smerom pre norméalneho smrtelnika cesta rieSenia nevedie. Integrand musime najprv upravit.

.4 4 (sin? x)2 2 )2 _ (l—cos2x)2 1+cos2x )2
—_ | sin® x + cos® x = (sin® x)? + (cos® x)* = (=5=) + (Lrege2x)
__ 1-2cos2x-+cos® 2x-+1+2 cos 2x+cos® 2x __ 2+2cos’2x _ 1+cos’ 2x
- 4 - - 2
beerb@frcatel.

i.uniza.sk/ beerb
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

(cos® x—sin® x)dx _ [UGS: t=tg5 |sinx=25 |xe&(—m+2km;n+2kr), teR, keZ
sin® x+cos® x dx=239% |cosx=1; ‘Li sin® x-+cos* x>0 pre vietky x€ R
@=t? (1) } 24t 1662414
[ t241)2 241)2 ) 241 2 t2+1)3 dt _ 1—224+t*—42) (2 +1) dt
()7~ (2+1) _ @2+1) 2 — ...
et | (-2t 166t 41 -4 6% 4648 B4t —4r2+1
E+1)% T (2418 (2+1)%

Ako vidime, tymto smerom pre norméalneho smrtelnika cesta rieSenia nevedie. Integrand musime najprv upravit.

. . 11— \2 2
__ | sin® x + cos* x = (sin? x)? + (cos? x)? = (1=5g22x)" 4 (Lteos2x) _ [ 2cos2xdx
_ 1-Dcos2x+tcos? 2x+142cosxteos 2x _ 242cos?dx _ ltcostox | 1+6052 2x
= % = =
beerb@frcatel.

i.uniza.sk/ beerb
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

(cos® x—sin® x)dx _ [UGS: t=tg5 |sinx=25 |xe&(—m+2km;n+2kr), teR, keZ
sin® x+cos® x dx=239% |cosx=1; ‘Li sin® x-+cos* x>0 pre vietky x€ R
@=t? (1) } 24t 1662414
[ t241)2 241)2 ) 241 2 t2+1)3 dt _ 1—224+t*—42) (2 +1) dt
()7~ (2+1) _ @2+1) 2 — ...
et | (-2t 166t 41 -4 6% 4648 B4t —4r2+1
E+1)% T (2418 (2+1)%

Ako vidime, tymto smerom pre norméalneho smrtelnika cesta rieSenia nevedie. Integrand musime najprv upravit.

: . 1- W2 2
__ | sin® x + cos* x = (sin? x)? + (cos? x)? = (1=5g22x)" 4 (Lteos2x) _ [2cos2xdx __ 2 cos 2x dx
_ 1-Dcos2x+tcos? 2x+142cosxteos 2x _ 242cos?dx _ ltcostox | 14cos?2x 14+1—sin2 2x
= - = < =
beerb@frcatel.

i.uniza.sk/ beerb



mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

o (z:os2 x—sin® x)dx _ [UGS: t=tg} |sinx= tZZ\ll x € (—m+2km; m+2km), teR, keZ
sin® x+-cos* x dx=239% |cosx=1; ‘Li sin* x+cos® x>0 pre vietky x € R
(-2 ,ﬁ} 2dt 1-6241t
o [(z2+1)2 222 ) 211 2@y dt -2 (=204t —4?)(P4+1)dt _
- 204 | 1—t2)* T [ 16441 —ar2 16t 416448 T t8—404-22t4 —4t2+1
E+1)% T (2418 (£2+1)%

Ako vidime, tymto smerom pre norméalneho smrtelnika cesta rieSenia nevedie. Integrand musime najprv upravit.

2cos2xdx __ 2 cos 2x dx
1+cos22x | 14+1—sin?22x

.4 4 02 )2 2 )2 _ (l—cos2x)2 1+cos2x )2
sin® x + cos® x = (sin® x)? + (cos? x)? = (1=g22x)" 4 (Licge2x)
1—2 cos 2x--cos” 2x41+2 cos 2x-+cos® 2x 242 cos® 2x 1+cos® 2x
= % = - =

XE(—F+km; lvkﬁ‘)‘ te(-1;1)

x€(Z+km; 3 +km), te(—1;1)

__ | Subst. t=sin2x
dt=2cos 2x

beerb@frcatel.
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Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

o (z:os2 x—sin® x)dx _ [UGS: t=tg} |sinx= tZZ\ll x € (—m+2km; m+2km), teR, keZ
sin® x+-cos* x dx=239% |cosx=1; ‘Li sin* x+cos® x>0 pre vietky x € R
(-2 ,ﬁ} 2dt 1-6241t
o [(z2+1)2 222 ) 211 2@y dt -2 (=204t —4?)(P4+1)dt _
- 204 | 1—t2)* T [ 16441 —ar2 16t 416448 T t8—404-22t4 —4t2+1
E+1)% T (2418 (£2+1)%

Ako vidime, tymto smerom pre norméalneho smrtelnika cesta rieSenia nevedie. Integrand musime najprv upravit.

__ | sin®x + cos® x = (sin* x)? + (cos? x)? = (M (i) _ [2cos2xdx __ 2 cos 2x dx
_ 1-2cos2x-tcos? 2x+142cos 2xtcos?2x _ 242cos?2x _ licos?ox | 14cos?2x 14+1—sin2 2x
4 = 4 =72
__ | Subst. t=sin2x x’<<7%+k7r1vk7>‘ te(-1;1)|xeR _ dt
dt=2cos2x x:(%}km%"}kﬁ)‘tC{ 1;1) |te(-1;1) 2—t2

beerb@frcatel.
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Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

o (z:os2 x—sin® x)dx _ [UGS: t=tg} smxﬂf“l x € (—m+2km; m+2km), teR, keZ
sin® x+cos? x dx= f,é‘l cosx= }, ‘Li sin* x+cos® x>0 pre vietky x € R
(-2 ,ﬁ} 2dt 1-6241t
_ [ 241)2  (241)2] 241 z t2+1)3 4k _ 1-2¢°+¢ —4¢°) (£ +1) dt
_ [ L@? — @ _ 2+1) — ...
@)% | a=t?)* 16t9+1—4t2 1614 —4t04¢8 T t8—4t6422t4 —4t2+1
(0% T (218 (2+1)F

Ako vidime, tymto smerom pre norméalneho smrtelnika cesta rieSenia nevedie. Integrand musime najprv upravit.

__[sin®x 4 cos® x = (sin® x)? + (cos? x)? = (1=es2x)? 4. (Lteos2e)? _ [2cos2xdx __ 2 cos 2x dx
- _ 1-2cos2x-tcos? 2x+142cos 2xtcos?2x _ 242cos?2x _ licos?ox | 1+cos?2x 1+1—sin2 2x
4 = 4 =72
__ | Subst. t=sin2x x’<<7%+k7r1vk7>‘ te(—-1;1) | xeR _ dt _ dt
dt=2cos2x x:(% b kr; 37"‘ tkr), te(=1;1) |te(-1;1) 2—t2 tZ_(\/E)Z

beerb@frcatel.
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Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

smxftz2 x € (—m+2km; m+2kr), tER, keZ

sin* x+cos® x>0 pre vietky x € R

t l

(cos® x—sin® x)dx _ [UGS: t=tg%
sin% x-4cos# x dx= 24t

cosx =1t

(1—2t2+t*—4¢%)(t>+1) dt __

(241)2  (2+1)2] 241 (12+1)3
(2t)% (1—t2)* T [ 16441 —ar2 16t 416448 T t8 —4t6422¢4 —4t2+1
(r2+1)4 (t2+1)4 (t2+1)4

Ako vidime, tymto smerom pre norméalneho smrtelnika cesta rieSenia nevedie. Integrand musime najprv upravit.

/[(lrz)2 @02 } 2dt g1=624ed 4

__[sin®x 4 cos® x = (sin® x)? + (cos? x)? = (1=es2x)? 4. (Lteos2e)? _ [2cos2xdx __ 2 cos 2x dx
- _ 1-2cos2x-tcos? 2x+142cos 2xtcos?2x _ 242cos?2x _ licos?ox | 1+cos?2x 1+1—sin2 2x
- 4 - 2

__ | Subst. t=sin2x x’<<7%+k7r1vk7>‘ te(—-1;1) | xeR _ dt _ dt
dt=2cos2x | x€ (Z+km; 3=+ k), te(~1;1) |te(~1;1) 2—t2 12— (1/2)2

1

W

t+f‘+c
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Integraly goniometrickych funkcii

cos 2x dx
sin® x+cos* x
_ [ (cos® x—sin® x)dx _ [UGS: t=tg% |sinx= tf‘l x € (—m+2km; m+2km), teR, keZ
dx=29% | cos x =15 | sin® x+cos® x>0 pre vietky x€R

/ sin% x+cos? x
=22 92 ] 24t 1-6624¢4
[(z2+1)2 7(r2+1)2} 241 2@y dt -2 (=204t —4?)(P4+1)dt _

(e T 16841421608 4648 T t8—4t06422t4—4t2+1
(24+)% T (207 (2+1)*

Ako vidime, tymto smerom pre norméalneho smrtelnika cesta rieSenia nevedie. Integrand musime najprv upravit.
. . 11— \2 2
__ | sin® x + cos* x = (sin? x)? + (cos? x)? = (1=5g22x)" 4 (Lteos2x) _ [2cos2xdx __ 2 cos 2x dx
_ 1—2cos2x-+cos® 2x-+1+42 cos 2x-tcos? 2x _ 242cos?2x _ ldcos?2x 14cos?2x 14+1—sin2 2x
- : - - 2

}_/L__/ dt
te(-1;1) |~ | 2—t2 t2—(/2)2

_ 1 gy V2=t
== G +e

4

XE(—F+km; ]

x€(Z+km; 3 +km), te(—1;1)

__ | Subst. t=sin2x
dt=2cos 2x
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin® x+cos* x
_ [ (cos® x—sin® x)dx _ [UGS: t=tg% |sinx= tf‘l x € (—m+2km; m+2km), teR, keZ
dx=29% | cos x =15 | sin® x+cos® x>0 pre vietky x€R

/ sin% x+cos? x
=22 92 ] 24t 1-6624¢4
[(z2+1)2 7(r2+1)2} 241 2@y dt -2 (=204t —4?)(P4+1)dt _

(e T 16841421608 4648 T t8—4t06422t4—4t2+1
(24+)% T (207 (2+1)*

Ako vidime, tymto smerom pre norméalneho smrtelnika cesta rieSenia nevedie. Integrand musime najprv upravit.
. . 11— \2 2
__ | sin® x + cos* x = (sin? x)? + (cos? x)? = (1=5g22x)" 4 (Lteos2x) _ [2cos2xdx __ 2 cos 2x dx
_ 1—2cos2x-+cos® 2x-+1+42 cos 2x-tcos? 2x _ 242cos?2x _ ldcos?2x 14cos?2x 14+1—sin2 2x
- : - - 2

}_/L__/ dt
te(-1;1) |~ | 2—t2 t2—(/2)2

_ 1 . V2t _ 1 g, V24t
- 2f|nf+t+c_2f|nf t+c

4

XE(—F+km; ]

x€(Z+km; 3 +km), te(—1;1)

__ | Subst. t=sin2x
dt=2cos 2x
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

+c

cos2xdx  __ In \f+sin 2x
sin® x+cos* x 2f V/2—sin 2x

sinx=25 | x€(—m+2km; 7+2km), tER, kEZ

sin® x-+cos* x>0 pre vietky x€ R

\l
cosxfm1

(cos® x—sin® x)dx __ [UGS t=tg}

/ sin® x+cos? x dx =24t

=22 (@) ] 24t 1—6t24+¢4
[(z2+1)2 (r2+1)2} 211 _/ 2z ap 4t _2/(1—2t2+t4—4f2)(t2+1)dt
[

et | (-2t 166t 41 -4 6% 4648 A5 122t — 421
(r2+1)4 (t2+1)4 (t2+1)4

Ako vidime, tymto smerom pre norméalneho smrtelnika cesta rieSenia nevedie. Integrand musime najprv upravit.

: : 1- \2 2
__ | sin® x + cos* x = (sin? x)? + (cos? x)? = (1=5g22x)" 4 (Lteos2x) _ [2cos2xdx __ 2 cos 2x dx
_ 1-Dcos2x+tcos? 2x+142cosxteos 2x _ 242cos?dx _ ltcostox | 14cos?2x 14+1—sin2 2x
= 4 = =72

4

__ | Subst. t=sin2x |xe(—F+km §+km), ;1) _ dt _ dt

- dt=2cos2x | x € (Z+km; 3 +kn /ut&\ L1 |te(-11) B 2—t2 tz_(\/i)z

=—L |n|t=2| f o =L |n¥2=t 4 o =L |pM2ety o
2v2 t+f i 23 " Vet T 23 "Vt T

=515 1n QZ‘.:éi 1+ ¢, xER, cER.
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin® x+cos* x
. ‘1- 2 14 2
__ | sin®x4cos*x = (sin® x)?+(cos? x)? = (1=egs2x) "4 (Licos2x)
- _ 1-2cos2x-+cos® 2x-+14+2cos 2x+cos” 2x __ 2+2cos’2x _ 1+4cos® 2x
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin® x+cos* x
. / 2 ( 2
__ | sin®x4cos*x = (sin® x)?+(cos? x)? = (1=egs2x) "4 (Licos2x) _ [ 2cos2x dx
_ 1-2cos2x-+cos® 2x-+14+2cos 2x+cos” 2x __ 2+2cos’2x _ 1+4cos® 2x _ 1+COS2 2x
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11 UGS

Pr.1

Pr.1l Pr.lll

Integraly goniometrickych funkcii

Pr.IV Pr.V Pr.V

cos 2x dx
sin* x+cos? x

|

sin*x+cos*x = (sin? x)2+(cos? x)? = (71’5352X)2+(71’°352*)2
242 cos” 2x —
1

_ 1-2cos2x-+cos® 2x+142 cos 2x-+cos” 2x _ 1+cos® 2x

}:

Subst.
du=2dx

u=2x

2cos2xdx __
1+cos?2x —

xeER
ueRr

}
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11 Pr.1l Pr.lll

Integraly goniometrickych funkcii

UGS Pr.I Pr.IV Pr.V Pr.V

cos 2x dx
sin* x+cos? x
_ [ cosudu
= [ 14cos?u

Subst.
du=2dx

u=2x

_ 1-2cos2x-+cos® 2x+142 cos 2x-+cos” 2x _

_ [ 2cos2xdx __
| 14+cos?2x

sin*x+cos*x = (sin? x)2+(cos? x)? = (71’“;’52X)2+(71’°352X)2
242cos® 2x __ l4cos®2x
4

xeER
ueRr

}
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

) . 2 1. 2
__ | sin®x4cos*x = (sin® x)?+(cos? x)? = (1=egs2x) "4 (Licos2x) _ | 2cos2xdx __[Subst. u=2x|xeR
— 1-2.cos 2x-+cos? 2x-+1+2cos 2x-+cos? 2x _ 242cos?2x _ 1tcos?2x | | 14cos22x du=2dx |ueR
4 = 4 =2

COS U= oy

¢ \ u#m+2km, keZ
u€(—m+2km; m+2km), tER

_ [ cosudu __|UGS: t=tg3
[ 14cos?u — dx =24t

niza.sk http:/ /frcatel.fri
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

__[sin®xcostx = (sin® x)2+(cos? x)? = (1=egs2x)? | (Lieos2x)? _ [ 2cos2xdx _ [Subst. u=2x
= [ 14cos?2x du=2dx

xeER
ueRr

2+2cos® 2x _ 1+cos®2x
4 - 2

12 cos 2x-+cos® 2x+1+2 cos 2x-+cos’ 2x __
% =

) 12 24t

_ | cosudu __ {UGS: t=tg 4 | cos u:i;:l ‘ uF#m+2km, k»’;Z} _ | P Pa

- 2 - d L . - —+2)2

1+cos? u dx=29C | we(—m+2km; m+2kT), tER 1+((ltz+t1))2
2(1—r2)dt

_ (£2+1)2
[ 2)2+a—1?2)?
(£2+1)2

niza.sk http:/ /frcatel.fri
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

_ {sin"ercos"x = (sin® x)2+(cos? x)? = (71’5352X)2+(71’°352*)2

xeER
ueRr

_ | 2cos2xdx __ [Subst. u=2x
12 cos 2x-+cos® 2x-+142 cos 2x-tcos’ 2x _ | 14+cos?2x du=2dx
u 122 = 1—t” 2dt
_ | cosudu __ UGS: t=tg3 | cosu=47 ‘ uFtm+2km, keZ _ 241 241
1+cos? u dx= 29 —2)7
e

u€(—m+2km; m+2km), tER 1+(t2+1)2
2(1—r2)dt
_ (2+1)2 _ 2(1—t?)dt 2(1—t?) dt
= | @E2ra—e22 [ (PHIPH(1-t?)? — [ t* 22141282+t

(£2+1)2

2+2cos® 2x _ 1+cos®2x
4 - 2

http://frcatel.fri.uniza.sk/ beerb
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UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

sin®x+cos®x = (sin® x)2+(cos? x)2 = (1=s2x)? . (Lteos2e)? _ [ 2cos2xdx _ [Subst. u=2x|xeR
1—2cos 2x+-cos® 2x+1+2 cos 2x-+cos’ 2x __ 2 2::>‘2x _1 w;'zx - 1+cos? 2x du=2dx |ueR
1-t2 2de
_/cosudu __ | UGS: t=tg¥|cosu=1 u#T+2km, k»’;Z} _/ 241 241
- Y] - —2)2
1+-cos dx*tzfl ll&(*/\+2ku;n+2k ), teR 1+ ((ltz-:l))z
_ t2+1 _ 2(1—t?)dt 2(1—t?) dt _ [2(—t?)dt
- t2+1)2+(1—r2 2 T [ (241)2+(1-t2)2 T [ tA2e2+14+1-282 4% T 2442
(r2+1)2
_ [@a=t)dt
_ t4+1

http://frcatel.fri.uniza.sk/ beerb
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UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin* x+cos? x

/

sin®x+cos®x = (sin® x)2+(cos? x)2 = (1=s2x)? . (Lteos2e)? _ [ 2cos2xdx _ [Subst. u=2x|xeR
1—2cos 2x+-cos® 2x+1+2 cos 2x-+cos’ 2x __ 2 2::>‘2x _1 w;'zx - 1+cos? 2x du=2dx |ueR
1-t2 2de
_ | cosudu __ UGS t=tg ¥ |cosu=1 uF#m+2km, keZ | __ 241 241
T4cos?u dx*tzfl ll&(*/\+2ku;n+2k ), teR 1+(1_t2)2
(£2+1)2
_ t2+1 _ 2(1—t?)dt 2(1—t?) dt _ [2(—t?)dt
- t2+1)2+(1—r22 [ (BPH1)2+(1—t2)2 T | t2t214+1-28241 T 2442
(r2+1)2
_ [a=t)de _ 1 20442 2t—/2 dt
t4+1 2v2 | [ £24+V2t+1 2 —V2t+1

http://frcatel.fri.uniza.sk/ beerb
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin® x+cos* x
sin®x+cos®x = (sin® x)2+(cos? x)2 = (1=s2x)? . (Lteos2e)? _ [ 2cos2xdx _ [Subst. u=2x|xeR
12 cos 2x-+cos® 7XJ’1 2 cos 2x+cos®2x _ 2 2::>‘2x _1 w;'zx - 1+cos? 2x _{ du=2dx ucR}
1-t% 2dt
_ | cosudu __ UGS t=tg ¥ |cosu=1 uF#m+2km, keZ | __ 241 241
T4cos?u dx*tzfl ll&(*/\+2ku;n+2k ), teR 1+(12_t2)22
(t=+1)
_ t2+1 _ 2(1—t?)dt 2(1—t?) dt _ [2(—t?)dt
- t2+1)22+(1—r2 2 T | (24+1)2+(1-t2)2 T [ 224141282+ T 2442
(r +1)2
— )dt 20442 2t—v2 |4
t4+1 z\f t2+\/§t+1 t2—/2t+1
:ﬁ [ln |2+v2t+1] —In |t2—ﬁt+1” +c
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin® x+cos* x
sin®x+cos®x = (sin® x)2+(cos? x)2 = (1=s2x)? . (Lteos2e)? _ [ 2cos2xdx _ [Subst. u=2x|xeR
12 cos 2x-+cos® 7XJ’1 2 cos 2x+cos®2x _ 2 2::>‘2x _1 w;'zx - 1+cos? 2x _{ du=2dx ucR}
1-t% 2dt
_ | cosudu __ UGS t=tg ¥ |cosu=1 uF#m+2km, keZ | __ 241 241
T4cos?u dx= 34t ll&(*/l+2ku;l\+2k ), teR 1+(12_t2)22
(t=+1)
_ t2+1 _ 2(1—t?)dt 2(1—t?) dt _ [2(—t?)dt
- t2+1)22+(12—r22 [ (BPH1)2+(1—t2)2 T | t2t214+1-28241 T 2442
(r +1)
— )dt 20442 2t—v2 |4
t4+1 z\f t2+\/§t+1 t2—/2t+1
— 1 |Inl¢ 2 1 2 4/2t+1
=—7=|In|t 2t+1| — In |t —+/2t+1 =—|n |5V
2\/5{ | +\[+’ ! \f—i—‘—i—c 22 —V2t+1 +c
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Integraly goniometrickych funkcii

cos 2x dx
sin® x+cos* x
sin®x+cos®x = (sin® x)2+(cos? x)2 = (1=s2x)? . (Lteos2e)? _ [ 2cos2xdx _ [Subst. u=2x|xeR
1-2cos 2xcos® 2x41+2 cos 2x-+cos’ 2x __ 242cos?2x _ 1 w;'zx - 1+cos?2x — du=2dx |ueR
3 4
1—t 2dt
_ | cosudu __|UGS: t=tg¥|cosu=1 uF#m+2km, keZ | __ 241 241
— — | T 1=-22)2
ue 7,.+2k“;, +2km), teER (a—t)
( w ) e

/H»cos2 dx =24t
t2+1 _ 2(1—t?)dt 2(1—t?) dt _ [2(—t?)dt
z2+1)22+(12—r?2 [ (BPH1)2+(1—t2)2 T | t2t214+1-28241 T 2442
(t=+1)
_ [@a= t?)dt 20442 2t—/2 dt
t4+1 z\f t2+\/§t+1 t2—/2t+1
1

:ﬁ{m |2+v2t+1] —In |t2—\@t+1u +c=55n

2
42141
7\ﬁt+1‘ +c

— 5 2y2, 1<
—{t2+\/2t+1 (t£%2)2+3 /0}
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11 UGS Pr.l Pr.Il Pr.lll Pr.lV Pr.V Pr.V

Integraly goniometrickych funkcii

cos 2x dx
sin® x+cos* x
sin®x+cos®x = (sin® x)2+(cos? x)2 = (1=s2x)? . (Lteos2e)? _ [ 2cos2xdx _ [Subst. u=2x|xeR
1-2cos 2xcos® 2x41+2 cos 2x-+cos’ 2x __ 242cos?2x _ 1 w;'zx - 1+cos?2x — du=2dx |ueR
3 4
1—t 2dt
_ | cosudu __|UGS: t=tg¥|cosu=1 uF#m+2km, keZ | __ 241 241
— — | T 1=-22)2
ue 7,.+2k“;, +2km), teER (a—t)
( w ) e

b)
/1+cos dx— 242

t2+1 _ 2(1—t?)dt 2(1—t?) dt _ [2(—t?)dt
t2+1)2+(1—r22 [ (BPH1)2+(1—t2)2 T | t2t214+1-28241 T 2442

(P2
_ [a=)dt 242 2t—\/2 }dt
- t4+1 z\f t2+\/§t+1 t2—/2t+1
_ 1 2 2 _ 1
=535 [ In |2+ V2t +1] —In| 2= V2t +1]| + ¢ =515

N A 5 1 t2+\/§t+1
=242t 1= (t+ 22110 | = —= |In === 4
{t V2t (t£%2)+3 0} V2 In 22t Cc

2
42141
7\ﬁt+1‘ +c
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Integraly goniometrickych funkcii

cos 2x dx
sin® x+cos* x
sin®x+cos®x = (sin® x)2+(cos? x)2 = (1=s2x)? . (Lteos2e)? _ [ 2cos2xdx _ [Subst. u=2x|xeR
1-2cos 2xcos® 2x41+2 cos 2x-+cos’ 2x __ 242cos?2x _ 1 w;'zx - 1+cos?2x — du=2dx |ueR
3 4
1—t 2dt
_ | cosudu __|UGS: t=tg¥|cosu=1 uF#m+2km, keZ | __ 241 241
— — | T 1=-22)2
ue 7,.+2k“;, +2km), teER (a—t)
( w ) e

/H»cos2 dx =24t

t2+1 _ 2(1—t?)dt 2(1—t?) dt _ [2(—t?)dt

z2+1)22+(12—r? 2 T | (24+1)2+(1-t2)2 T [ 224141282+ T 2442
(t241)

_ [@a= t?)dt 20442 2t—/2 dt
t4+1 z\f t2+\/§t+1 t2—/2t+1

_ 1 2 _ 2 _ 1 2 4V2t1

—2\/§[|n|t +V2t+1| —In|t ﬁt+1” +c _—2\f|n v iR
/2 2 u T T,

:{t2+\/§t+1 (r+v73)2+,12>0}:—2\1/§|n 7:21_@111 +c :{t:tg%:tg%’(:tgx # ‘2: :{CZZ}
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Integraly goniometrickych funkcii

cos 2x dx — 1 |n tgzx+\/§tgx+1 +c
sin* x+cos? x 2v2 g2 x—V2tg x+1
sin®x+cos®x = (sin® x)2+(cos? x)2 = (1=s2x)? . (Lteos2e)? _ [ 2cos2xdx _ [Subst. u=2x|xeR
1-2cos 2xcos® 2x41+2 cos 2x-+cos’ 2x __ 242cos?2x _ 1 w;'zx - 1+cos?2x — du=2dx |ueR
3 4
1-t% 2dt
_ | cosudu __|UGS: t=tg¥|cosu=1 u#T+2km, k»’;Z} _/ 241 241
€ —,.+2k“;, +2km), teR | a2
ue( w ) I+ 22

/H»cos2 dx =24t

t2+1 _ 2(1—t?)dt 2(1—t?) dt _ [2(—t?)dt

z2+1)22+(12—r? 2 T | (24+1)2+(1-t2)2 T [ 224141282+ T 2442
(t241)

_ [@a= t?)dt 20442 2t—/2 dt
t4+1 z\f t2+\/§t+1 t2—/2t+1

_ 1 2 . 2 _ 1 242t +1
= s ||+ V2t+1) = In 2= VBt +1|| + ¢ =515 |52 4
/> 2 u ™ T
=[revan- (it >o| = shs In SRR 4 ¢ =[ewsmwgat] T ]
72 T,

1 gt xhV2tgx+l _Ix
=55 nitgzxﬂ/Etgxﬂ +c, xeR {2+k7r, kGZ}, ceR.
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12 UHS Pr.l Pr.ll Pr.lll Pr.IV

Integraly hyperbolickych funkcii

@ Ak integrand obsahuje iba hyperbolické funkcie, na zracionalizovanie
sa pouziva Univerzalna hyperbolicka substiticia t=tgh 3.
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Integraly hyperbolickych funkcii

@ Ak integrand obsahuje iba hyperbolické funkcie, na zracionalizovanie
sa pouziva Univerzalna hyperbolicka substiticia t=tgh 3.

Integraly typu /f(sinh x, cosh x) dx.2
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Integraly hyperbolickych funkcii

@ Ak integrand obsahuje iba hyperbolické funkcie, na zracionalizovanie
sa pouziva Univerzalna hyperbolicka substiticia t=tgh 3.

Integraly typu /f(sinh x, cosh x) dx.2

e —1
ex i

UHS [Univerzalna hyperbolicka substiticia] & = tgh % = x€ER.
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Integraly hyperbolickych funkcii

@ Ak integrand obsahuje iba hyperbolické funkcie, na zracionalizovanie
sa pouziva Univerzalna hyperbolicka substiticia t=tgh 3.

Integraly typu /f(sinh x, cosh x) dx.2

e —1
ex i

UHS [Univerzalna hyperbolicka substiticia] & = tgh % = x€ER.

te(—1;1),
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Integraly hyperbolickych funkcii

@ Ak integrand obsahuje iba hyperbolické funkcie, na zracionalizovanie
sa pouziva Univerzalna hyperbolicka substiticia t=tgh 3.

Integraly typu /f(sinh x, cosh x) dx.2

e —1
ex i

UHS [Univerzalna hyperbolicka substiticia] & = tgh % = x€ER.

te(—1;1), dt= X

" 2cosh?3’
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Integraly hyperbolickych funkcii

@ Ak integrand obsahuje iba hyperbolické funkcie, na zracionalizovanie
sa pouziva Univerzalna hyperbolicka substiticia t=tgh 3.

Integraly typu /f(sinh x, cosh x) dx.2

e —1
ex i

UHS [Univerzalna hyperbolicka substiticia] & = tgh % = x€ER.

te(—1;1), dt= X

" 2cosh?3’

dx
sinh x

cosh x
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Integraly hyperbolickych funkcii

@ Ak integrand obsahuje iba hyperbolické funkcie, na zracionalizovanie
sa pouziva Univerzalna hyperbolicka substiticia t=tgh 3.

Integraly typu /f(sinh x, cosh x) dx.2

e —1
ex i

UHS [Univerzalna hyperbolicka substiticia] & = tgh % = x€ER.

te(—1;1), dt= X

" 2cosh?3’

dx=2cosh® % dt
sinh x =2sinh 5 cosh

cosh x = cosh? §+sinh2 5
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Integraly hyperbolickych funkcii

@ Ak integrand obsahuje iba hyperbolické funkcie, na zracionalizovanie
sa pouziva Univerzalna hyperbolicka substiticia t=tgh 3.

Integraly typu /f(sinh x, cosh x) dx.2

e —1
ex i

UHS [Univerzalna hyperbolicka substiticia] & = tgh % = x€ER.

) _ dx
tE( 1'1)’ dt = 2cosh2%’
. 2 x o 2cosh2§dt
dx =2 cosh Edt—m
. . 2sinh % cosh %
— X X £ 2> 2
sinh x=2sinh 5 cosh 5 = — o X
. cosh2§+sinh2§

_ 2 % L fm? i — GEEI pareiit 5
cosh x =cosh” 5 +sinh” 5 = =T
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Integraly hyperbolickych funkcii

@ Ak integrand obsahuje iba hyperbolické funkcie, na zracionalizovanie
sa pouziva Univerzalna hyperbolicka substiticia t=tgh 3.

Integraly typu /f(sinh x, cosh x) dx.2

X
UHS [Univerzalna hyperbolicka substiticia] & = tgh % = ﬁ, x€ER.

te(—1;1), dt= X

2cosh? 5’
1

_ 2 x _ 2cosh? 5 dt cosh? %

dx=2cosh” 7 dt=_— E ok’ -

cosh? X

1

: . 2sinh 3 cosh 3 cosh? X
— X X _ 2 2. 2
sinh x =2sinh 5 cosh 2= e i L
cosh? X

. cosh? §+sinh2 % . cosh? x

- 2 X _cinh2 X
cosh® 3 —sinh? 3

cosh x = cosh? §+sinh2 5
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Integraly hyperbolickych funkcii

@ Ak integrand obsahuje iba hyperbolické funkcie, na zracionalizovanie
sa pouziva Univerzalna hyperbolicka substiticia t=tgh 3.

Integraly typu /f(sinh x, cosh x) dx.2

X
UHS [Univerzalna hyperbolicka substiticia] & = tgh % = ﬁ, x€ER.

te(—1;1), dt= X

2cosh? 5’
1
o 2 x o 2 cosh? 5 dt cosh? 5 2dt
dx =2 cosh 2 dt= cosh? £ —sinh?2 ¥ L = 1—tgh®%
cosh? X
1
. . 2sinh % cosh % cosh? X 2tgh %
— X X 2 2. 2 2
sinh x=2sinh 5 cosh 5 = — sk’ T Rl
cosh? X

. 2 x S 12 x cosh? §+sinh2
cosh x =cosh® 5 +sinh® 5 = — 5

Cch?3  14tg’
il - 1_tg2

INTRYISTES

NIX [NIx
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Integraly hyperbolickych funkcii

@ Ak integrand obsahuje iba hyperbolické

funkcie, na zracionalizovanie

o . . s ot e sl 5%
sa pouziva Univerzalna hyperbolicka substiticia t=tgh 3.

Integraly typu /f(sinh x, cosh x) dx.2

UHS {univerzaina hyperbolicks substiticia] t = tgh 5 = i—;i, x€ER.
te(-L1), dt =5 oy,
1
dx=2 COSh2 % dt= co:hzogtfsginig 5 ’ ﬁ = l—igdht2 X = %'
cosh 5
1
sinhx=2sinh 5 cosh 5 = ciir;h;c:::ﬁg ' COSE f = 12—ttgg:2%g =2
con? &

. cosh? §+sinh2

— 2 X 4 cinh? x
cosh x =cosh® 5 +sinh® 5 = — 5

NIX [NIx

INTRYISTES
|
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Integraly hyperbolickych funkcii
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Integraly hyperbolickych funkcii

x€(—00;0), te(-1;0)
x€(0;00), te(0;1)

t=tgh3

2dt | sinh x=

=

2t
=

7{UH5-

T dx=

sinh x#0
x#0

_ [sinhxdx _ [ sinhxdx
[ sinh2x [ cosh?x—1
_ dx _ 2dx
T ex —e—x T [ex —e—x

2
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Integraly hyperbolickych funkcii

x€(—00;0), te(-1;0)
x€(0;00), te(0;1)

" 2dt
sinhx#0 | [1-¢2
x=£0 - 2t

Z 12

t=tgh3
2t

sinhx= =%

__[UHs:
— 2dtZ

dx =5

_ [sinhxdx __ [ sinhxdx __ [Subst. t=coshx|x€(~00;0), t&(L;00)|sinhx#0
sinh2x cosh?x—1 dt=sinhxdx | x€(0;00), te(1;00) |x#0
_ dx _ 2dx  __|Subst. t=eX|x=Int |xec(—00;0), t€(0;1)]|sinhx#0
X —e7X ex —e™x eX=t1=1|dx=9|x€(0;00), t€(L;00) | x#0
2 t
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Integraly hyperbolickych funkcii

x€(—00;0), te(-1;0)
x€(0;00), te(0;1)

t=tgh3

sinh x=

2dt
=

2t
=

7{UH5-

T dx=

" 2dt g
sinhxio} 7/1, 7/dt
= = |5

#H 1—t2 t

x€(—0;0), te(1;0)
x€(0;00), te(1;00)

—

sinhxdx: sinh xdx __[Subst. t=coshx
sinh2x cosh?x—1 dt=sinh x dx

sinhx#07] __ dt
x#0 }7 t2—1

x=Int

_dt
dx=F

x€(—00;0), te(0;1)
x€(0;00), te(1;00)

sinh x#0

_ 2dt
_/t(t—%)

_ dx _ 2dx  __|Subst. t=eX
T X —ex T [eX —e X T |ex_pl_1
2 t

x#0
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Integraly hyperbolickych funkcii

x€(—00;0), te(-1;0)
x€(0;00), te(0;1)

sinhx#0 [ :
x#0 _ o

x€(—0;0), te(1;0)
x€(0;00), te(1;00)

sinhx#07] __ dt
x#0 }7 t2—1

— smhxdx _ sinh xdx __[Subst. t=coshx
sinh2x cosh?x—1 dt=sinh x dx

1 1
In’t+1|+c2 In—t+1—|—c2

x=Int|xe(—00;0), t(0;1)
dx=4t | x€(0;00), te(1;00)

t

sinh x#0
x#0

2dx Subst t=e~
Er X —e—x eX —e— X_ x=¢-1=1
¢

:/t dtl = |n{t+1|+C3

_ 2dt
_/t(t—%)
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Integraly hyperbolickych funkcii

coshx 1 1
ta = ln’e‘+1’+c3

coshx+1
inh x#£0 24
sinh x 1—+¢
e / / =Int+c
=In |tgh ¥|+c1, x€eR—{0}, cER.

— smhxdx_ sinh xdx __ [Subst. t=coshx sinhx#07 __ dt
sinh2x cosh?x—1 dt =sinh x dx x#0 [ 21

1 _1 t—1 _1 cosh x—1
|n’t+1|+C2—2|n t+1+c2_2|n +C2,XER {O} C2€R.

‘cosh x+1
2dx Subst t=e~ . 2dt
Eersaay Eare *‘ rmriod )

:/t%itl 1|n{t+1|+C3 ex+1’+c3vX€R {0} C3€R

t=tgh3 X

sinh x=

€(—0;0), te(—1;0)

xc

2t
=

_ 2dt
dx=%

x€(—0;0), te(1;0)
x€(0;00), te(1;00)

x=Int

_dt
dx=F

x€(—00;0), te(0;1)
x€(0;00), te(1;00)

sinh x#0
x#0
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Integraly hyperbolickych funkcii
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Integraly hyperbolickych funkcii

_{UHS:

_ 2dt
dx="%

_ [ coshxdx __ [ cosh xdx
_ cosh?x ~ [ sinh2x+1
— dx 2dx
= +2e*X T feX+ex
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Integraly hyperbolickych funkcii

dx
cosh x

{UHS:

t=tgh3

1+£2
1-¢2

- t
&

COsS X =

2d
xe(—o00), te(-10)] _ [
x€(0;00), te(0;1) = =2

_ 2d
dx==

— cosh xdx _ [ cosh xdx __[Subst. t=sinhx
cosh?x sinh?x+1 dt=cosh x dx

_ dx _ 2dx  __|[Subst. t=e*
T X te=X T [eXfe X |egx—p-1_1
—a t

xeR
ter

x=Int

dt
dx=¢

xXER
te(0; o0)
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Integraly hyperbolickych funkcii

dx
cosh x

_{UHS:

_ 2dt
dx="%

t=tgh3

1+£2
1-¢2

\ A 2dt
—00;0), te(=1;0)| _ [iZe2 _ [2dt
0;00), t€(0;1) T w2 T 241
\ \ 1—t2

COsS X =

Xe

XER] _ dt
tQR} [ 241

— coshxdx: cosh x dx __ [Subst. t=sinhx
cosh?x sinh?x+1 dt=cosh x dx

x=Int

dt
dx=¢

— dx 2dx  __|Subst. t=e* x€R _ 2dt  _ [2dt
e feXfemx e pio] t&(0; 00) t(t+3) 7+
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Integraly hyperbolickych funkcii

dx
cosh x

UHS:
dx*

t*tghi

e
1—:3

2dt
—00;0), te(=1;0) | _ fi=,2
0;00), t€(0;1) } _/71“2 _/t2+1 =2arctgt+c

1—¢2

COsS X =

Xe

_ [ coshxdx _ | coshxdx _ [Subst. t=sinhx|xeR] __
_/ cosh?x _/Sinh2X+1 _{ dt =cosh x dx tCR} _/t2+1 _arCtg t+C2

x=Int

dx (l[

_2dx Subst t=e¥
eX+e x ex+e* - e—x -1 %

=2arctgt+c3

XER — 2dt — 2dt
te(0; 00) t(t+1) t2+1
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Integraly hyperbolickych funkcii

cosh

/ dXX = 2arctgtgh 5 +c1 = arctgsinh x+c; = 2arctge*+c3

t=tgh3

2
COs X W

{UHS
1—t2

dx=2

2dt
1-22 2dt
o /2+1 =2arctgt+c

=2 arctgtgh g—i—cl, xER, qeR.

_ [ coshxdx _ | coshxdx _ [Subst. t=sinhx|xeR] __
_/ cosh?x _/Sinh2X+1 _{ dt =cosh x dx tCR} _/t2+1 _arCtg t+C2

= arctgsinhx+c, xER, ;€R.

_2dx Subst t=e*|x=Int |xER _ 2dt  __ [ 2dt
eX+e B e tex e’x g1=1 te(00) |~ [ t(e+3) T ) 241

dx "'
=2arctgt+c3=2arctge*+c3, x€R, c3€R.
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Integraly hyperbolickych funkcii

dx
1+sinh x
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Integraly hyperbolickych funkcii

dx
1+sinh x

_{UHS:

t=tgh3

_2dt | _
dx={5 |sinhx=1=5 | x€

x#ln(v/ifl)

sinh x#—1 }

2dx

:/2+eX —e—X

_/ dx
X _e—X
1+%
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Integraly hyperbolickych funkcii

dx
1+sinh x

__| UHS:
B dx:f&

t=tgh3

2t

sinhx= =%

x€(In(vV2-1);0), te (V2-1;1)

2

UHS Pr.l Pr.ll Pr.lll Pr.IV

sinh x#—1
x;&ln(v/ifl)

2dt
1—¢2
1+1

—2

2t

dx

eX _e—X
2

— _ 2dx _
1+ [ 2ex—e—x T

(—o0;In(V2-1)), te (0;vV2-1)
(In(\/i 1);X)th(,v,§ 1;00)

sinhx#—1
X#In(\/i 1)
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dx
1+sinh x

t=tgh% Xe(fx;ln(VFQ—l))‘ t(—,(fl;\ﬁfl)
2t

i | sinhx=1=57 | x

2dt
sinh x#—1 ® 1—¢2
x#In(v2-1) o 1+1Ett2

-

N
o

Tl

1—t242t
1—¢2

— dx _ 2dx :{Subst. t=eX
1+ex—2efx 24eX—e—X e X=¢ 1:%

(—o0;In(V2-1)), te (0;vV2-1)
(|n(\F 1); 00 ), C(VE l‘x)

sinhx#—1
X#In(\/i 1)
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Integraly hyperbolickych funkcii

dx
1+sinh x
_ —2dt
1—t242t [ t2—2t—1
1—¢2

t=tgh% Xe(fx;ln(VFQ—l))‘ t(—,(fl;\ﬁfl)
2t

i | sinhx=1=57 | x

2dt
sinh x#—1 ® 1—¢2
x#In(v2-1) o 1+1Ett2

-

N
o

Tl

(—o0;In(V2-1)), te (0;vV2-1)
(|n(\F 1); 00 ), C(VE l‘x)

sinhx#—1
X#In(\/i 1)

— dx _ 2dx :{Subst. t=eX
1+eX72e*X 2tex—e—X ex=t"1=1
_ 2dt _ 2dt
t(2+t—1) = [2+2t-1
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Integraly hyperbolickych funkcii

dx
1+sinh x
1—2 —2dt  __ —2dt
1—2+2¢ [ t2—2¢t—1 " [(t—1)2-2
1—¢2

t=tgh3
2t

t H —
i |sinhx=1=5 | x€

2dt
sinh x#—1 ® 1—¢2
x#In(v2-1) o 1+1Ett2

o
o
B3

(=o0;In(v2-1)), te(0;vV2-1)
(In(v2 /2-1); 00 ), t te (V2 1;00)

sinhx#—1
X#In(\/i 1)

— dx _ 2dx :{Subst. t=eX
1+ex—2efx 24eX—e—X e X=¢ 1:%

— 2dt 2dt _ 2dt
t(2+t—1) 7 [2+2t—-1 T | (t+1)>-2
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Integraly hyperbolickych funkcii

dx
1+sinh x

UHS:
dxf

2dt
1-2 —2dt —2dt 2dt
1—r2+2r —[2—2t—1" [(t—1)2—2 (t—1)2—(+/2)

t=tgh3

smhxf% Xx€e

2dt
sinh x#—1 ® 1—¢2
x#In(v2-1) o 1+1Ett2

x€ (—o0;In(v2-1)), te (0; V2-1)
x€(In(vV2 /2-1); 00 ), t te (V2 1;00)

sinhx#—1
X#In(\/i 1)

_ 2dx __ | Subst. t=e*
1+ex—e X 2+ex767X e X—¢ 17%

2dt 2dt 2dt 2dt
/ t(2+t—1) _/t2+2t—1 _/(t+1)2—2 _/(t+1)2—(\/§)2
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Integraly hyperbolickych funkcii

dx
1+sinh x

UHS: t=tgh% x€ (—o0;In(V2-1)), te(—=1;v2—1) |sinhx#—1 ® %d:z
dx=24% smhxf% x€(In(vV2-1);0), te (V2-1;1) x#£In(vV2=1) | 1+1Ett2
2dt
12 | —2dt _ [ —2dt __ 2dt —— 2 n t—1—+/2 N
Cap e [0 = [emne-(V2r - 2vE | etev2 |
_ 2dx _ Subst. t=e*|x=Int :( o0; In (V2 1)), tC(O‘\/E 1) sinh x#—1
1+5X*e x 24eX—e=x e*=t"1=1|dx=9 | x€ (In(v2-1);00), te (vV2-1;00) | x#In(v2-1)
2dt [ _2dt 2dt 2dt —_2_|p|Hl=v2|y o
t(2+t—1) 242t —1 (t+1)2-2 (t+1)2—(vV2)2 ~ 242 t+1+v2 E
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Integraly hyperbolickych funkcii

dx
1+sinh x

UHS:
dxf

t=tgh3

sinhx= 2 | x€

2dt
sinhx#—1 ® 1-¢2
x#In(v2-1) o 1+1Ett2

2dt
12 —2dt _ [ —2dt _ 2dt S T o s ESv)
1—1t2+2f —2t—1" [(t-1)>-2 (t—1)2—(v2)? 2V2 | t—1+V2 L
1 +v2
> In f‘+c1
2dx Subst. t=e*|x=Int x:( o0; In (V2 1)), tC(O‘\/E 1) sinh x#—1
1+eX*e x 24eX—e=x ==t dx:d{ x€ (In(v2-1); 00), te (vV2—1;00) |x#In(v2-1)
2dt [ _2dt 2dt 2dt —_2_|p|Hl=v2|y o
t(2+t—1) 242t —1 (t+1)2-2 (t+1)2—(vV2)2 ~ 242 t+1+v2 E
_ 1 t+1-/2
=7 t+1+ﬁ‘+c2
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Integraly hyperbolickych funkcii

dx /2 E 412
/1+sinhx =5 I - a = ex+1+\@‘+c2

__| UHS: t=tgh% Xﬁ(fx;ln(VFQ—l)) te(—1;v2-1) |sinhx#—1 , 12:1:2
dxf smhxfi Xe V2-1); E(Vifl’l) x#In(v2-1) o 1+1Ett2
2dt
N e —2dt —2dt _ 2dt In [E=1=v2| 4 ¢
11t2+22t —2t—1— [(¢-1)>= (t—12—(vV2)2 2\/ t—11/2| | L
t

_ 1 t—14+v2 _Q tgh)< 1+v2
=i o = Pin [BEVE o)) xeR—{In(v2-1)}, cieR.
2dx Subst t=eX|x=Int x:( o0; In (V2 1)), ::(O‘\/E 1) sinh x#—1
eX e X 24ex—e=X e =g 1:% dx:d{ x:(ln(\/i 1);00), t€ c(v2 1;00) x#In(v2-1)
2dt [ _2dt 2dt 2dt —_2_|p|Hl=v2|y o
t(2+t—1) 242t —1 (t+1)2-2 (t41)2—(v2)2 — 2v/2 t+1+v2 E

t+1—1/2 _f
t+1+f‘+c2 |n

£H=V2] 46, xeR—{In(v2-1)}, 2R,
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Integraly hyperbolickych funkcii

dx
1+-cosh x
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Integraly hyperbolickych funkcii

dx
1+-cosh x

{UHS-

. t=tgh3

2dt
==

— dx

2 cosh? 5
__ [ coshxdx _ dx
— sinh? x sinh? x

— dx _ 2dx
- H_eXJrze—X T [24eX+ex

1+t

dx= coshx:lit)

xXER
te( 1;1)}
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Integraly hyperbolickych funkcii

dx
1+-cosh x

t=tgh3

_{UHS-

_ 2dt
dx=="5

_ 1+
cosh x= e

2dt 24t
xER }_/ e _/17:2

. - 142 T 2
te(=11) s )

x€(—00;0), te
x€(0;00),

_ [coshxdx dx __ [Subst. t=sinhx
- sinh? x sinh®>x | dt=coshxdx

n
2
e

x€ER
te(0; 00)

x=Int

dt
dx=2

_ dx _ 2dx __ | Subst. t=eX
- 1+ex+2e_x T 24extex T | ox—yl %
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Integraly hyperbolickych funkcii

dx
1+-cosh x

__[UHs:
B dx= 245

t=tgh3

L4t
cosh x= e

x€(—00;0), te( o
x€(0;00), t ( smh2
x€R _ 2dt 2dt
te(0;00) | [ t(2+t+1) T [ 242t +1

__ [ coshxdx _ dx __[Subst. t=sinhx
- sinh? x sinh®>x | dt=coshxdx
_ dx _ 2dx __ | Subst. t=e*
= 1+ex +;—x T [2+exte—X T | e—x=¢-1 %

2dt
(t+1)?

x=Int

dx dr
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Integraly hyperbolickych funkcii

dx
1+-cosh x

{UHS

dx =2 )

t=tgh3

cosh x= “

2dt
xeR 1—¢2 1—r2 d
t=t+c
tC( 1;1)} / 1+t22 / + 1
1—t
_ dx _ | Subst. t XER| __ _
_/2cosh2§ _{ dt teR} /cosh2 =tght+a
__ [ coshxdx _ dx __[Subst. t=sinhx |x€(—o0; 0) .
— [ sinh?x sinh?x | dt=coshxdx|x€(0;0), te smh2

_ 1
x€ER — 2dt — 2dt
t€(0; 00) t(2+t+1) t242t+1

NIE ix

== - cotgh x+c

_ dx _ 2dx __ | Subst. t=e*
— 1+ex+2e_x T 24extex T | ox—yl 1

:/Afz:/z(tﬂ) 2gp=20H0" 4 o)

x=Int

dt
dx=2

(t+1)
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Integraly hyperbolickych funkcii

dx _ l+coshx __ 2
/1+coshx tgh ta=0c-— sinhx e +1 +es
UHS t=tgh % €R 2de, -
- HE 1—t 1—t x
in % | cosh x=1 +r te( 1;1)} / 1+r22 / /dt—t+C1— tgh 2+C11
1 XER, q ER.
_ dx  _ |Subst. t=3|xeR| _ _
_/2C°Sh2%_{ dt=% teR} /cosh2 =tgh t+C1—tgh t+a, xeR, aeR.

__ [ coshxdx _ dx __[Subst. t=sinhx|xe(— xO) .
— [ sinh?x sinh?x | dt=coshxdx|x€(0;0), te smh2

_ 1 o~ _ 1 _ coshx _ . _ 14coshx _

-t COtghX+C2_C2 sinh x sinh x =@ sinhx ' xeR {0}’ Qc R.
_ dx _ 2dx __ | Subst. t=e*|x=Int|x€eR _ 2dt _ 2dt

T g T 24t e T et |dx=t|te(000) | [ t(2Ht+7) T [ PH2tH1

(t+1)

:/Afz:/z(tﬂ) 2dt= (”1) +e3= — 25 +a, xER, GER.
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